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TWO-DIMENSIONAL MARKOYV FIELD AND STATISTICS
OF INTEGRAL QUADRATIC FUNCTIONAL BASED ON 2D-FIELD

Random normal processes and random normal fields possessing the Markov property have widespread applications
in various fields, such as communication theory and statistical radiophysics. The object of this paper is to study the
statistics of integral quadratic functionals based on Markov processes and fields. The one-dimensional Markovian process
of Ornstein-Uhlenbeck is examined. The solid function of the division of the integral quadratic functional based on the
one-dimensional normal Ornstein-Uhlenbeck process is considered. An explicit expression for the rigid function and the
division of the integral quadratic functional has been extracted. The two-dimensional Markovian 2D-field and the based
for the new integral quadratic functional are examined. An analysis of the rigid function of the division of the integral
quadratic functional based on a two-dimensional Markovian 2D-field has been carried out. An explicit expression for
this integral quadratic functional has been found. We list the general properties of the found solution. From the theory
of such functionals, based on solutions of stochastic differential equations, it follows: all zeros of the generating function
are simple; the density function in the fluctuation region decays faster than any polynomial and is identically zero at n
= (; the density function in the peripheral region has an exponential asymptotic behavior with decrement v; the density
function has one maximum and two inflection points; the formula for the autoconvolution of the density function also has
the form density function. The above allows us to speak about the Laguerre property of the found probability distribution
density. A formalized solution for a stationary normal Markovian rich-atomic field is presented.

A further step in this direction is to include a signal component with deterministic properties in the observation
functional J[H].We note that complete information about the probability distribution density of the random variable
J[H] under consideration makes it possible to successfully resolve evaluation and decision-making problems based on
statistical criteria.

Keywords: one-dimensional Ornstein-Uhlenbeck normal process, two-dimensional Ornstein-Uhlenbeck normal
process, Markovian 2D-field, integral quadratic functional, basis on a two-dimensional Markov 2D-field, a solid function,
an analytical representation for the required expression of the integral quadratic functional, a well-defined solution for
the stationary normal Markovian rich-dimensional field.

0. C. MASMAHIIIBUII

HarionanpHuit HaykoBHi EHTP «XapKiBCHKUN (PI3UKO-TEXHIYHUN THCTUTYT

ABYBUMIPHE MAPKIBCBKE ITOJIE I CTATUCTUKA IHTEI'PAJIBHOT'O
KBAAPATUYHOI'O ®YHKIHIOHAJY, 3ACHOBAHOI'O HA 2D-1I10JII

Bunaokosi nopmanvhi npoyecu ma 6unaokosi HOPMAIbHI NOAS, WO MAlOMb MAPKIECHKY GLACMUBICIb, MAIOMb
Hauwupuie 3aCmMoCcy8antsi 8 pisHUX 2any3ax, HANpuKiao, y meopii 36 ’a3ky ma cmamucmuunoi padiogizuxu. 06 exmom
0anoi’ pobomu € BUBUEHHS CMAMUCIUKU [HMEeZPATbHUX KEAOPAMUYHUX (YHKYIOHANI8, 3ACHOBAHUX HA MAPKIBCHKUX
npoyecax i nonax. Posenanymo oonomipne maproscovkuii npoyec OpHuwimetina-Yienbexa. Pozenanyma meipua @ynxyis
PO3N00INY IHMEZPAIbHO20 KB8AOPAMUYHO20 (QYHKYIOHATY, 3ACHOBAHO20 HA OOHOMIDHOMY MApPKIBCbKOMY npoyeci
Oprnwmeitina-Ynenbexa. Ompumano AeHU 8Upa3s Ot MEIPHOT QYHKYIL ma po3nooiny ybo2o IHMe2paibHO20 K8AOPAMUUHO20
Gynxyionany. Poszensnymo 06osumipne mapkiecoke 2D-none i 3acnosanuti Ha HbOMY IiHMeZpAlbHUL K8AOPAMUYHUL
@yuryionan. Ilposedeno ananiz meiproi GYHKYIi po3noodiny iHmezpaibHo20 KAOPAMUUHO20 (YHKYIOHANA, 3ACHOBAHO20
Ha 0808UMIpHOMY MapKiecbkomy 2D-noni. Ompumaro saerutl 6upas 05 po3nooiLy Ybo2o IHMe2PaAIbHO20 KBAOPAMUYHO2O
dyukyionany. Ilepepaxyemo 3a2anvHi 61acmu8ocmi 3HAIOEH020 PO38 A3KY. 3 meopii maxkux QyHKYioHanie, 3aCHO8AHOI
Ha po36’A3Kax CMOXACMUYHUX OUpepeHyianbHux pieHAHb, BUNIUBAE: VCi HYII MEipHOT yHKYIl € npocmumu,; (QYHKYia
2ycmunu 6 oonacmi guykmyayiu cnadae weuoute 3a 6y0b-sKutl ROIIHOM i MOMOACHO OopisHIoe Hymo npu M = 0, ynryis
2ycmunu 8 nepugepitiniii 061acmi Mae eKCNOHEHYIAIbHY ACUMNIMOMUYHY NOBEOTHKY 3 OEKPEMEHMOM V; (DYHKYISL 2YCIunu
MA€E 0OUH MAKCUMYM | O8I MOUKU Nepecuny, Gopmyna Oas aemo32opmKu QyHKYIL 2yCMUuHU MaKkoic Mae uisio QyHKyil
eycmunu. Buwezasnauene 0ozeonse 2osopumu npo enacmusicms Jlazeppa 3naudenoi winbHocmi po3nooiny imogipnocmetl.
Tlpeocmasneno yzaecanvhenns piuieHHs 01 CIMAYIOHAPHO20 HOPMAILHO2O MAPKIBCbKO20 O6A2amo8UMIPHO20 NOJIAL.

Hooanvuum Kpokom y Ybomy HANPIAMKY € BKIHOUEHHS CUSHATLHOI CKAA0080T 3 0emepMIiHOBAHUMY 81ACTNUBOCTNAMU
0o ¢yukyionana cnocmepedscennsn J[H].3aznauumo, wo nosua ingopmayis npo winoHicms po3noodiny tmosiprocmel
po3zenanymoi sunaoxoeoi eenuuunu JIH] 0o3zeonse ycniwno supiuiysamu 3a0a4i oyiHIO8AHHA Ma NPULTHAMMA piulenb HA
OCHOBI CMAMUCUYHUX KPUMEPIIS.
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Knrouosi cnosa: oonosumipruii mapkiscokui npoyec Opuiumetina- Yienoexa, 0808UMIPHMUL MAPKOBCLKULL NPOYeC
OpHwmeitina-Ynenbexa, maprogcoke 2D-none, inmeepanvHull K8AOPaAMuyHUll (hYHKYIOHA, 3ACHOBAHUL HA 0B0BUMIDHOM)
maproecbrkomy 2D-noni, meipna Qynxyis, ananrimuyune 300pasicers O WyKano20 6upasy iHmezpanbHo20 KaopamuuHo20
@yHuryionany, y3azanvHenus piuieHHs 0 CmayioHapHo20 HOPMAILHO20 MAPKIBCLKO20 0A2amOSUMIPHO20 NOJIA.

Analysis of recent studies and publications
Two-dimensional random fields have long been a subject of study and are used in a wide variety
of fields [1-3]. Of the wide variety of possible variants and models of two-dimensional random fields,
the real normal Markov field (NMF) H(x, y) [4-7] is perhaps the most commonly used, providing a
convenient object for analysis.

Purpose of the research
The object of this paper is to study the statistics of integral quadratic functionals based on
Markov processes and fields.

Problem Statement. Presentation of the main research material
1. The object of this work is the two-dimensional Ornstein-Uhlenbeck process (OU process), a
Markov 2D field, and the statistical properties of the integral quadratic functional n, which is based
on a real normal two-dimensional Markov 2D field (NMF-field) H(x, y). In a detailed study of the
properties of such objects as, for example, a spatial image on a given rectangle [(0, @) x(0, b)], one of
the main questions of estimation theory about the distribution of the values of the functional

JH]= ﬁhz (x,y)dxdy, (1)

where 4 = h(x, y) is the realization of a two-dimensional Gaussian field H(x, y) in a rectangular region
[(0, @) x(0, b)] on the plane. Important in applied terms is the example of a real random NMF field,
any orthogonal sections of which have the properties of a stationary Ornstein-Uhlenbeck process
[1, 2] (OU process), which in the physics literature is sometimes called a normal Markov process [3].
The defining property of the stationary field under consideration is its correlator

Ky =Ky (x.x,3.)') = E, [ h(x,y)h(x',)') | = pgos,,

where o7, =E,, [hz(x, y)] is the field intensity, v and p are the attenuation decrements of the field
intensity along the X and Y axes, respectively.

The following transition density for the NMF field can serve as a generalization of the
constructions of conditional transition probability densities for the OU process.

! ! ! !/ 1 A2 'x’ ;'x” '
S (G )| (xp) 1 (x.0). R (' 5)) = — exp[— (5 p3x,7) ] 3)
\/27t(1—p Y1-g")oy 2n(l-p7)A-¢")oy
where A(x, y; x',y") = h(x, y) = ph(x', y) = qh(x, y') + pgh(x', y").
For x - —o0 or y — —o0, we obtain boundary expressions for the partial transition probability
densities

2)

p= exp(—v|x—x' ), q= exp(—p|y—y'

(h(xy)=h(x\y))

Jul(h(x, )|h(x',y)) = exp ; (4a)
H( | ( )) \/2n(1—p2)6i 2(1- p*)oy,
2
1 h(x,y)—h(x,y
S (hxp)|(x.57)) = ——exp (Aro)hlx ) | (4b)
\/Zn(l—q )G, 2(1-q")oy,
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which are transition densities for partial OU-processes, and for x — —oo and y — —o0, we obtain the
vertex probability distribution density of the form

K (x,y)

fH(h(x,y»:#exp[—TJ s)
TGy, H

for a random variable — a realization of the NMF field at a point with coordinates (x, y), and therefore,
from relations (3-5), (2) follows.

2. Due to the positive definiteness and additivity of the two-dimensional integral J[H] (1) on
a rectangle [(0, a) x(0, b)], it is convenient to describe the properties of the functional J[H] using a
generating function in the form of the following mathematical expectation

Oxy(M) = Eylexp (=MJH])], (6)
where A is the generating parameter.
The desired generating function can be represented as an absolutely convergent product [4]

QW(K)=12[12[[1—XXX ] , ™)

n=l m=1

where{Ay,} and {Ay,} are the sets of eigenvalues of the partial correlators Ky and Ky, associated with
the solutions related to the boundaries of the rectangle of integral equations

a

0 () =y (K9 (%)) = Ay [exp(—v] x = x' g (x')elx’, (8a)

0

0y (1) =2y (Ky0,(3)) =y [exp(—| =3 Doy (). (8b)

In the case under consideration of a real NMF field for partial generating functions Q1) and
0y(M\) it is known [4] that

0,(\) = ﬁ(l _ ij _ [ 4vr, exp(va) J , (9a)

o exp(p ya) — o’ exp(—p )

X.,n
where 7, =V’ +2AvG7,, o = ry £ v, and also
" 2 =172 4 ( b) 1/2
7, eX
QYO\-)=H I=— :[ 2 e levl J ’ (b)
m=1 7\’Y,m B+ eXp(B+b) - B— eXp(_be)

where 7, =W +2Apcs,, P =ry+ 1.

The simple zeros of the denominators of the reduced generating functions Oy(A) and Qy(L)
are negative-definite sets of numbers {A, ,},., and {A,,}, . Thus, based on these sets (or, more
precisely, the rule defining them), it is necessary to construct a formula for the desired generating
function. In other words, it is necessary to contract the product in (7) and obtain a constructive
analytical expression for Qyy(A) that does not require finding specific sets of {Ay} and {A,}.

The main result of this paper is the following representation for Qyy(A):

1 d d A
1nQXY(x):—zjdxjdy(—lngx(x)j(—lngy(x)]ln oy : (10)
Toop \dx dy xy (n), (),
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where <n> v =ac,, <n>Y =bo;,, <n> . =abo;, is the mean value of functional (1), C — is the
integration contour in the complex plane, passing through the imaginary axis with a semicircle of
sufficiently small radius around the point (0,0) on the left.

The density distribution f)(n) of random values 1 of the functional J[H] is determined by the
inverse Laplace transform of the function Qyy(A). Such a transformation for functions (9) or (10)
can only be performed numerically; therefore, the more accurate the available information about the
transform function Qyy (), the more successful this procedure will be.

3. We construct a proof scheme for result (10) based on the well-known canonical Karhunen-
Loeve expansion [2, 3] over the set of eigenfunctions {@yy(x, )}, that satisfy equation (8), but with
kernel Kyy,

ab
Py (5,) =My (K s @10 (5, 0)) = hoyy [ [exp(=v [ x =" [ =t |y = 3 Do (6, 3Ny’ (1)
00

and corresponds to it with the set of eigenvalues {Ayy}. The integral equation (11) can be associated
with its differential analog

2 2
(8_2 —sz(a—r uzjcpxy (x,) =4k o VIO, 04y (X, 7). (12)
Ox oy
Due to the factorization of the kernel Ky and the commutation of differential operators in (12),
the eigenfunction factorization @yy(x, ) = @x(x)@y(y) into its partial components follows. Therefore,
the spectrum {Ay} is the direct product of the spectra {Ay} and {Ay}, and equation (11) is equivalent
to the equation

Oy (X0, (y) = 0_12L17\'X (Kxa(PX (x))x‘YKY’(PY(y) =

a b
=63k [exp(=v | x =" ), (¥)dx'h, [ exp(—] = ' o, ()b
0

0

(13)

To obtain the spectrum of result (13), we note that for an arbitrary function, which: a) has a
countable set of simple negative zeros {z;}, b) has an absolutely convergent Hadamard factorized

representation with zero growth rate: y(z) = H(l —z/z, )_1 , the equality holds
k=1

Iny(L) = ﬁj(ém \p(z)jln(l ~\/z,) dz. (14)

Then, applying this equality for @4(x) and for @y(x) we obtain the desired relation (10), which
after renormalization we write in its final form

A

(i)’

00, (W) = ——— [ dx [ dy(xyo}, - 1) I 0, (x)In O, (»). (15)

Thus, information about the behavior of the functional J[H] (1) on the boundaries of a rectangular
region for a stationary NMF-field is sufficient to determine its statistics inside this region.

Based on generating function (15), we can find expressions for the moments of the random
variable J[ H]. By calculating the first and second A-derivatives of function (15) at the point A = 0 and
determining the partial cumulants, we determine the first moment

E,(J[H) =abo; =(n),., (16)
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and the second moment, which yields the variance of functional (1).

2
N “2va -
E, (JY[H])-EX(J[H]) :%(—sza +e ) (~1+2ub+e ). (17)
vuah
4. Result (10) admits of various generalizations. In particular, it can be extended from the two-
dimensional to the multidimensional case. For example, for D = 3, assuming that, according to (9),
for a parallelepiped {x € (0, a),y € (0, b),z € (0, ¢)} on three Cartesian axes, the partial generating
functions Qy(x), Oy(x) and Q,(x) are given, we find
A
2 J (18)
ZGy,

jdyj dz{—anX(x)j( anY(y)j( anZ(z)jln(l—
Xy

nQ,, (%)=~

Here, o, is the average intensity of the 3D-field. Similar to (18), generating functions can be
constructed for normal Markov fields of higher dimensions.

Similar to generating function QO (x) (9), which corresponds to a one-dimensional field (stationary
process), expressions like (10) or (18) can be used to process and interpret data on two-dimensional
and three-dimensional objects — random stationary Markov fields.

5. Analytical reconstruction of the probability distribution density f;(n) of random values 1 of a
functional J[ H] presents significant difficulties even in the one-dimensional case [4, 5]. To circumvent
the difficulties associated with root uncertainties in the one-dimensional case, we proceed to finding
the density f,(n), the expression for which we write in terms of the inverse Laplace transform

1= fep(in-g T2 (], e (19)

where

2via?
E-,X B —1+2va+ 6_2"!1 5 <n>X = ac/zq' (20)

In contour integral (19), we move to the integration variable p = 1+27u<n> v / €. Due to the
absence of singular points, the integration contour remains the Bromwich contour, which allows us
to transform (20) to the form

S = I [ o 1<n>Xn+iX —éxp} (21)

X C

By forming a perfect square with respect to p in the exponent and using the saddle-point method
for integration, we find the value of integral (21):

£, = ,/éxi aX[,/ / } . 0<n<o, 22)

The approximate formula (22) found for the distribution density in the one-dimensional case of
random values 1 describes the contribution of fluctuations of the OU-process along one coordinate x.

A similar procedure (18)—(22) can be used for the OU-process along the axis y.

We list the general properties of the found solution. We will analyze expression (22) using the
framework of quadratic integral functionals outlined in the textbook [5]. From the theory of such
functionals, based on solutions of stochastic differential equations, it follows:

1) all zeros of the generating function (13) are simple;
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2) the density function f;(n) in the fluctuation region (m < (n)y) decays faster than any
polynomial and is identically zero at n = 0;

3) the density function f;(1) in the peripheral region (1 > (1)y) has an exponential asymptotic
behavior with decrement v;

4) the density function f;(n) has one maximum and two inflection points;

5) the formula for the autoconvolution of the density function f;(n) also has the form (22).

The above allows us to speak about the Laguerre property [6, 7] of the found probability
distribution density f;(n).

6. Let’s move on to finding the generating function Qyy(A) and consider expression (18).
Expanding the last factor in (18) into a series and grouping the terms, we write

L L CD' s d" [ d amdr
dh anXYO‘)_ (2 ) Gzn+2 nOGZHZJ- n+1|: In QX( )}J.dyml{dym anY(y)}' (23)

According to Cauchy’s integral theorem, this expression can be written after integration as
follows:

; (24)

x=y=0

j—kanf(Y(k)— 3 ,")Z'H{d In 0} (x )}{d 1nQY(y>}

1 1
s n d n+ d n+

that is, the desired generating function is expressed in terms of the cumulants of the partial generating
functions.

Now let’s perform the following steps in (24). Now, in the notation for the partial generating
functions (12), we restrict ourselves to the leading (exponential) terms:

Or(x)~ exp(av — vV +2vxo?, ), 0;(y)~ exp(bu—«/uz +2wo;, ) (25)

This approximation corresponds to the case when av > 1 and bv > 1. Second, we move on to
the variables u = xo7, /v and v =yo}, /. Then we obtain

d ( 7\‘02 )n dn+1 dn+1
—In A) = —abc a J1+2 V142 26
dh Oy (4) =—a HZ n'nl(vp)’ |:a'u"+1 ! v ’ o (26)
Let’s introduce the notations
E=avby, (n),, =aboy, 27)

with which we will concentrate the fluctuation parameters corresponding to each axis. We differentiate
(26) once with respect to # and once with respect to v:

0, () =~(n <>i(_k<n>”/©n{d: 1 }[dn,, 1 }

28
e n'n! du" J1+2u || dv" J1+2v (28)

u=v=0

The parameter § determines the magnitude of the dispersion of the functional (1), the expression
for which is given by the expression (20) in the one-dimensional case.
To improve the approximation, we will further understand this parameter & as the quantity
2via® 2u°h’
—1+2va+e ™™ —1+2ub+e

Cxr = (29)

which is associated with the correct value of the variance EH(J [H]) - E’ w(J[H]) for any values
va and pb. Now in (28) for the radical fractions we use the integral representation, take all the
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derivatives and sum over # using the power expansion for the Bessel function, after which we obtain
the expression

0

%mgfq(x):—%j dn, [ dt, exp tf—tzz)Jo(4tltz x(@/gn). (30)

0 0

From (30) we can already see the interaction of the fluctuations of the NMF field in both
coordinates. Moving on to polar coordinates ¢, = p sing and #, = p cos@, we find as a result of
integrating over the radius p

o 47\‘ -1/2
%mgfﬂ(x) =%!dq{1+%mz 24 . (31)

XY

This expression reduces to elliptic integrals. In order to obtain the generating function Qyy(1)
suitable for the inverse Laplace transform, we now use another approximation: in (31), we replace the
function sin*(2¢) with its average value over the interval [0, 2r]. Then we finally find

03 (1) = exp( &y ~Err 1+ 200}, [Eyy ) (32)

Based on (32), after integration using the saddle-point method, we obtain the distribution density
of the integral quadratic functional based on a two-dimensional Markovian 2D-field:

fj( ) E-’XY< >XY exp _E.:XY <n>XY _ n , OS1’]<OO. (33)
2mn’ 2V n ()

Note that the expression found (32) is identical in structure to its partial analogue (25). In this
regard, it can be hypothesized that the generating functions of quadratic functionals for normal
Markov fields of higher dimensions have a similar form.

(i41)]
f(1)

A . 1
051 ) L
. .,

] . .
: ., .\‘ 0.5 |:

Fig. 1. Distribution densities of the integral functional (1).
Parameters:a=1,b=1, o}, =1.
Left: v =0.1 (line); v =1 (dots); v =10 (dash); n =0
Right: v =0.1 (line); v =1 (dots); v=1 (dash); n =1

Figure 1 shows two groups of probability distribution densities f(n) according to (22) and (32).
Left p=0: Right p=1.
From the shape of the curves, we can conclude that the densities have the Laguerre property.
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Conclusions

This paper examines a random stationary NMF-field, studying its statistical properties and the
properties of the integral quadratic functional defined on it. The solutions found, in terms of estimation
theory, relate to the case of recording only the noise component.

A further step in this direction is to include a signal component with deterministic properties in the
observation functional J[H]. Considering this more general case will make it possible to analytically
describe the synthesis of optimal receivers recording real-valued two-dimensional signals against a
background of real-valued two-dimensional normal Markov noise. Similar to the generating function
Oxy(M) (9), corresponding to a one-dimensional field (stationary process), expression like (32) can
be used in processing and interpreting data on two-dimensional and three-dimensional objects.
In conclusion, we note that complete information about the probability distribution density of the
random variable J[H| under consideration makes it possible to successfully resolve evaluation and
decision-making problems based on statistical criteria.
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