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LOGISTICS OF CAPACITATED TRANSPORTATION PROBLEMS

In the context of modern global logistics, enterprises face increasing challenges in managing transportation costs
efficiently under strict infrastructure constraints. The classical transportation problem, while fundamental to operations
research, assumes ideal conditions—unlimited route capacities and direct shipments—that rarely exist in practice. This
discrepancy leads to theoretical models that yield «optimal» solutions which are unimplementable in real-world scenarios
involving road repairs, limited warehouse throughput, or specific delivery priorities. This study addresses the critical
need for adapting mathematical optimization models to these realistic constraints. The purpose of the research is to
analyze the impact of additional constraints—specifically arc capacity limits and priority servicing of specific destinations—
on the optimal distribution plan and total transportation costs. The study aims to quantify the “cost of constraints”
and demonstrate how mathematical modeling can support decision-making in disrupted supply chains. The research
methodology is based on mathematical modeling of transportation networks using linear programming. The study utilizes
the LINDO (Linear, Interactive, and Discrete Optimizer) software environment to solve optimization tasks. The modeling
process involves two scenarios: a basic unconstrained transportation problem and a capacitated variation with priority
subsets. The approach integrates theoretical foundations established by L. Kantorovich and F.L. Hitchcock with modern
algorithmic solutions for capacitated networks. Additionally, the study employs dual problem analysis to determine
shadow prices, providing an economic interpretation of the limiting factors. The results of the numerical experiment,
conducted on a balanced transportation network with four sources and five destinations, demonstrate that introducing
capacity constraints on specific arcs and imposing priority delivery conditions significantly alters the optimal distribution
plan. The system is forced to reroute flows through more expensive paths to satisfy the new boundary conditions. In the
case study, these constraints led to an increase in total transportation costs from 195 to 240 monetary units, representing
a 23 % rise in expenses. This quantitative finding validates the theoretical assumption that restrictions on the feasible
region in linear programming generally worsen the objective function value. Sensitivity analysis further revealed that
specific «bottlenecky routes have high shadow prices, indicating where infrastructure investment would yield the highest
return. The practical value of this research lies in providing a proven methodology for simulating logistical bottlenecks.
By calculating the cost difference between unconstrained and constrained models, logistics managers can make informed
financial decisions—for example, determining whether investing in infrastructure to remove a bottleneck is more cost-
effective than paying higher transportation costs. The proposed model is adaptable for multi-product and multi-stage
logistics networks and serves as a basis for decision support systems in regional logistics centers. The findings of this
study also provide a foundation for future research into dynamic routing algorithms under uncertainty conditions and
autonomous transport integration.

Keywords: logistics optimization, capacitated transportation problem, linear programming, LINDO software,
operations research, supply chain constraints, transportation modeling.

A. B. CIMAK, B. 1. IVBPOBIH

HamionanbHuii yHiBepcHTET «3aropi3bka NOMITEXHIKa

JIOI'ICTUKA TPAHCITIOPTHHUX 3AJAY 3 OBMEKXEHOIO
IMPOIIYCKHOIO 3JATHICTIO

B ymosax cyuacnoi enobanvHoi  nocicmuxu  RIONPUEMCMEA CIMUKAOMbCA 31 3DOCMAROYUMU  GUKTUKAMU
Wooo eekmusHo2o YnNpasiinHa MPAHCROPMHUMU GUIMPAMAMU 34  IHCOPCMKUX mqbpacmpykmypnux obmediceHp.
Knacuuna mpancnopmua 3aoaua, 6yoyyu QyHOameHmanvHoo O 00CHiONCeHHs onepayill, nepedbadac ioeanvhi
YMOBU — HeoOMedceHy NPONYCKHY 30amHICIb MAPWPYMie ma npsami nocmasku, — aKi pioxko icHylomv na npaxmuyi. L
HEeGION0GIOHICMb NPU3600UMb 00 MO20, W0 MEOPEeMUUHL MOOELi NPONOHYIOMb « ONMUMANbHLY PIULEHHS, SIKI HEMONCIUBO
peanizyeamu 6 peanvHux CYeHapiax, noe’sa3aHux 3 peMoHmMoM 0opie, 0OMedCeHOI NPONYCKHOIO 30AMHICMIO CK1ai8
abo cneyugiunumu npiopumemamu odocmagxku. Lle Oocniddcenns npucesuene axmyanvHiu npobnemi adanmayii
mMamemamuunux mooenel onmumizayii 00 yux peanicmuyHux oomedgcenv. Memoio 00CHiOdNCeHHA € aHani3 GNauUgy
000amKo8Ux 0bMedHceHb — 30KpemMa LiMimie nponycKHoi 30amHocmi 0ye ma npiopumemHo2o o0CIy208Y8aHHA OKPeMUX
NYHKMi6 NPUHAYEHHs — HA NAAH ONMUMAIbHO20 PO3N0JILY MaA 3a2aibHi mpancnopmui eumpamu. [ocniodcenns mae
Ha Memi KibKIiCHO OYiHUMU «8apmicmb 0OMediceHnby ma npoOemMOHCMpPY8amu, K MamemMamuyne Mo0eno8aHHs MoXce
niompumyeamu NPUIHAMMA piuieHb Y NOpyuweHux lanyo2ax nocmavauus. Memoodonozis 0ocniodcenns bazyemovcs Ha
MAMEMAMUUHOMY MOOENIOBAHHI MPAHCHOPMHUX MEPENHC 3 GUKOPUCMAHHAM JIHIUHO20 NPOSPAMYBAHHS. {15l 8UpiuLenHts
onmuMIzayiiHux 3a0ay uKkopucmano npoepamue cepeoosuwe LINDO. [Ipoyec mooento8ants 6KIOUAE 08 CYEHAPIi:

https://doi.org/10.32782/mathematical-modelling/2026-9-1-34 ISSN 2618-0332 (print), 2618-0340 (online)
369



ITPUKIIA/THI ITHNTAHHA MATEMATHYHOI O MOJE/IFOBAHHA T. 9, Ne 1, 2026

0a308y mpaHcnopmuy 3a0ayy 6e3 0bmedceHb ma it 6apiayiro 3 0OMeHCEeHOI NPONYCKHOI 30aMHICII0 Md NPIOPUMEmMHUMU
niomuoorcunamu. 11ioxio inmezpye meopemuuni ocnogu, 3axiaoeni JI. Kanmoposuuem ma @.JI. 'iukoxom, i3 cyuacHumu
aneopumMMIYHUMU PiUeHHAMU OISl Mepedc 3 oOMedceHHaAMU. [J00amKo80 3acmoco8ano ananiz 08oicmoi 3adaui OJis
BU3HAYUEHHA MIHbOBUX YIH MA eKOHOMIuHOI iHmepnpemayii oomedxceHv. Pesynemamu uucenvnoco excnepumenmy,
nposedenoeo Ha 30a1aHCOBAHIT MPAHCROPMHIT MEPENCE 3 YOMUPMa Oxceperamu ma n’simoMa nyHKmamu npusHa4eHHs,
O0eMOHCIPYIOMb, WO 66€0CHHSI 0OMEdICeHb NPONYCKHOI 30AMHOCMI HA KOHKPEMHUX MAPULpymax ma 6CMAaHO61eHHs
VMO8 npiopumemnoi 00CmagKu Cymmeso 3MiHIOE NAAH ONMUMATbHO20 po3nodiny. Cucmema 3MyueHa nepeHanpasisimu
NOMOKU uepe3 00poxcdi Mapuipymu, wob 3a00801bHUMU HOBI 2PAHUYHI YMOBU. Y 00CHIONCYBAHOMY BUNAOKY Ui
oomedicenns npuzgear 00 3pOCMAanHs 3a2anrbHux mpancnopmuux eumpam 3i 195 0o 240 epowosux odunuys, wo
cmanosumuv nioguwents sumpam ua 23 %. Leii kinbKichuti pesynibmam niomeepoicye meopemuune npunyuerus, wo
368YICeHHsT 00AACMI OONYCMUMUX PIUleHb V JIHIUHOMY NPOSPAMYSAHHI 3A36U4all NO2IPULYE 3HAUEHHS YLNb0BOI QYHKYIL.
Ananiz uymaueocmi maxoic 6UAGUS, WO KOHKPEMHI MAPWUPYMU-»8Y3bKi MICYsL» MAIOMb 6UCOKI MIHbOBI YiHU, 6KA3VIOUU
Ha npiopumemuicms ineecmuyiti 8 inpacmpyxkmypy. Ilpakxmuyna yinHicms 00Ci0NHCeHHs NOIA2AE Y HAOAHHI NepesipeHol
Memooon0zii 01 MOOeN08AHHA T02ICMUYHUX «8Y3bKUX Micyby. PO3paxogyiouu pisHuyio y eumpamax Mixc mMooensimu
3 oOmedxceHHAMU ma 0e3 HuX, MeHeoxcepu 3 J02ICMUKU MONCYMb NputimMamu oOIpyHMO8aHi Qinancosi piuienHus —
HanpuKiao, GU3HAYAMU, YU € iHeeCMuyii 6 iHpacmpyKkmypy 0/isi YCYHEHHsl 8Y3bK020 MICYsl OLIbUW PeHMabeIbHUMU, HIdNC
onnama GUWUX MPAHCNOPMHUX GUMpPam. 3anponoHo8ana Mooeb mModxce 6ymu adanmosana 0Jisi 6a2amonpooyKmosux
JIOSICMUYHUX MEPedC Ma CLy2y8amu 0CHOB0I0 01 CUCTeM NIOMPUMKU NPUTHAMMAL PIUeHb ) PeLiOHANbHUX TOICTNUYHUX
yeumpax. Pezynomamu yb020 O0CHIONCEHHS MAKONC CHIBOPIOIOMb OCHOBY OJisi MAUOYMHIX O0CHIONCeHb AN20PUMMIE
OUHAMIYHOT Mapupymu3ayii 8 yMo8ax He8UHAUeHOCMI.

Knwuogi cnosa: onmumizayia nozicmuki, mpancnopmua 3a0aid 3 0OMeHCeHol NPONnYCKHOIO 30amHicmio,
JHitiHe npoepamyséanis, npoepamie 3abesneuentns LINDO, 0ocniodcenns onepayiil, 00MedceHHs 1aHyioea NOCMayanisi,
MOOENOBAHHSL Nepese3eHb.

Statement of the problem

In the modern global economy, logistics plays a pivotal role in the efficiency of enterprises.
The ability to transport goods from producers to consumers with minimal time and financial costs is
a key factor in competitiveness. At the heart of logistical planning lies the Transportation Problem
(TP), a special class of linear programming problems. However, the classical TP assumes ideal
conditions: unlimited capacity on routes, a single type of product, and direct shipments. In practice,
logistics managers face numerous restrictions: roads have weight limits (capacitated arcs), goods may
need to pass through intermediate hubs (transshipment), or specific customers may require priority
delivery. Ignoring these constraints leads to «optimal» solutions that are unimplementable in reality.
The relevance of this study is driven by the need to adapt classical mathematical models to the rigid
constraints of the current logistical environment, particularly in conditions where infrastructure may
be limited or damaged.

Analysis of remaining research and publications

The mathematical foundation of optimal resource allocation was significantly advanced by the
Leonid Kantorovich, who was awarded the Nobel Prize in Economics for his contributions to the
theory of optimum allocation of resources [1; 2]. Similarly, F.L. Hitchcock formalized the distribution
of a product from several sources to numerous localities, creating the classical formulation of the
TP [3]. Early works by Dantzig provided the simplex method and the modified distribution method
(MODI) for solving basic TPs [4]. However, as supply chains grew more complex, researchers
developed variations to address specific constraints. The Capacitated Transportation Problem (CTP),
where flow on specific arcs is bounded by an upper limit, forces the solution away from the most
direct routes. Research by Khurana highlights that capacity constraints often increase costs but
ensure feasibility [5]. The Transshipment Problem expands the standard TP by treating both sources
and destinations as intermediate nodes [6]. Multi-product variations [7], Production-Transportation
models [8], and network allocation problems [9] further integrate complexity. Recent literature also
explores heuristic approaches for solving unbalanced and multi-objective transportation problems in
large-scale networks [10; 11].

In the context of Ukraine’s post-war recovery, the relevance of Capacitated Transportation
Problems increases significantly. The destruction of transport infrastructure (bridges, roads, railway
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nodes) creates severe capacity constraints (d; — 0 or significantly reduced). Furthermore, the need
to prioritize supplies to critical regions or military units perfectly matches the “Priority Subsets”
constraints modeled in this study. Therefore, the mathematical apparatus of CTP becomes a key tool
for national logistics planning in crisis conditions.

The aim of the study
The aim of this article is to analyze the theoretical variations of the transportation problem
(including production, multi-stage, and capacitated types) and to practically demonstrate the impact
of «bottleneck» constraints on the optimization result using the LINDO software.

Presentation of the main research material

The study utilizes mathematical modeling of linear programming problems [12]. To solve the
modeled scenarios, the LINDO (Linear, Interactive, and Discrete Optimizer) software package is
used, which allows for the input of objective functions and constraints in a straightforward algebraic
format [13]. We consider a transportation problem with m sources and n destinations. To visualize
the problem statement, a graphical representation of the transportation network is constructed
(Fig. 1). The nodes on the left represent the supply sources, and the nodes on the right represent the
demand destinations. The edges connecting them represent the possible transportation routes, each
characterized by a specific cost ¢; and capacity c;.

Cijs dij

Fig. 1. Graph of the balanced transportation network model

Let a; be the supply at source 1, b; be the demand at destination j, ¢; be the unit transportation
cost, and x; be the quantity transported. The objective is to minimize total cost:

7 = izn:cijxlj — min. (1)
i=l j=1

m

Subject to standard constraints: inj =a,, inf =b,, x; 2 0. In this study, we introduce two
Jj=1 i=1
specific types of additional constraints:
1. Arc Capacity Constraints: The quantity transported on a specific route cannot exceed a
limit d;; (x; < dj).
2. Priority Subsets: A specific subset of sources S, must satisfy the demand of a specific subset
of destinations D, (Z in/. =0, )

ieS; jeDy
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The solution process in the LINDO environment utilizes the simplex method for linear
programming, which allows for finding the global extremum of the objective function on a convex
polyhedron of admissible solutions. For the Capacitated Transportation Problem (CTP), the standard
simplex algorithm is modified to handle upper bound constraints efficiently without significantly
increasing the dimensionality of the basis matrix. In matrix notation, the problem can be represented
as follows: minimize Z = CX subject to AX = B and 0 < X < U, where C is the row vector of costs,
X is the column vector of variables, 4 is the matrix of coefficients for supply and demand constraints,
B is the column vector of supply and demand values, and U is the matrix of upper bounds (capacities)
for the arcs. The software implementation involves defining the objective function and constraints
in a specific syntax that LINDO interprets. The priority subset constraints are modeled as additional
linear equalities or inequalities added to the standard constraint set. This approach allows for flexible
modification of the model structure without changing the underlying solution algorithm.

Dual Problem Formulation
Every linear programming problem has a corresponding dual problem. For the transportation
problem, the dual variables u; (associated with source constraints) and v; (associated with destination
constraints) play a crucial role in economic analysis. The dual problem can be formulated as:

w =leaiui +Z;ijf — max. (2)
= =

Subject to: u; +v; < ¢; for all , j.

In the context of our capacitated model, additional dual variables corresponding to the capacity
constraints (x; < d;;) appear. These variables, often referred to as “shadow prices”, indicate the potential
savings in total cost if the capacity of a specific “bottleneck™ route were increased by one unit. This
analysis is vital for identifying the most critical segments of the logistics network.

Results and Discussion

To demonstrate the impact of constraints, a numerical experiment was conducted. We analyze a
balanced transportation problem with 4 sources (S1, S2, S3, S4) and 5 destinations (D1, D2, D3, D4,
D5). The total supply and total demand are both 80 units.The unit transportation costs vary from 1 to
20 monetary units.

The initial parameters for the numerical experiment, including unit transportation costs ¢
supply capacities a;, and demand requirements b;, are summarized in Table 1.

Scenario 1: Basic Transportation Problem (Unconstrained).Using LINDO to solve the basic
model, the optimal distribution plan was generated. The solution utilized the most cost-effective
routes (e.g., S1 to D2 with cost 1, S4 to D3 with cost 1).Total Minimum Cost: 195 units.

ij°

Table 1
Matrix of Transportation Costs and Capacities
Source \ Dest. D1 D2 D3 D4 D5 Supply 4;
S1 20 1 3 4 5 20
S2 2 9 8 3 4 20
S3 3 6 5 2 8 20
S4 10 2 1 4 3 10
Demand b, 35 37 37 13 15 Total: 80

Scenario 2: Capacitated and Priority Constraints.We introduced restrictions to simulate real-
world disruptions:
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1. Capacity Constraint: Route S4 to D5 is limited to 5 units.

2. Priority Constraint: Demands for Destination 1 (D1) must be partially met by Source 4 (S4)
with a limit of 2 units.

3. Subset Constraint: Sources S1 and S2 must prioritize satisfying the demand of D1 and D2
initially. The mathematical model was updated in LINDO.

The implementation of the constrained model in the LINDO syntax requires explicit definition
of the new restrictions. Below is a fragment of the program code used to solve the Scenario 2 model:

MIN 20X11 + 1X12 + 3X13 + 4X14 + 5X15 + 2X21 + 9X22 +... + 3X45
SUBJECT TO

I Supply Constraints

2) X11 + X12 + X13 + X14 + X15
3) X21 + X22 + X23 + X24 + X25

20
20

I Demand Constraints
6) X11 + X21 + X31 + X41 = 35

I Additional Capacity Constraints

11) X45 <= 5
I Priority Subset Constraint (Source 4 for Dest 1)
12) X41 <= 2

I Priority Group Constraint (Sources 1,2 for Dest 1,2)
13) X11 + X12 + X21 + X22 »= 15
END

The solver recalculated the optimal flow to respect these boundaries. This forced the logistics
plan to utilize more expensive routes because the cheapest routes were either “blocked” (capacity
reached) or reserved for other priorities.Result of Constrained Model: The optimal distribution
changed significantly. The system had to reroute goods through expensive paths (e.g., using routes
with costs of 8 or 10 units).New Total Cost: 240 units (Table 2).

The analysis of the shadow prices (dual values) generated by LINDO provides further insight.
In Scenario 2, the shadow price for the capacity constraint (x5 < 5) is non-zero, indicating that every
additional unit of capacity on this route would significantly reduce the total cost. This mathematically
confirms that this specific route is the system’s bottleneck.Furthermore, the priority constraint
forcing specific sources to serve specific destinations acts as a penalty mechanism. By restricting the
freedom of choice for the optimizer, the system loses the ability to leverage the global minimum of
transportation costs, settling instead for a local optimum within the restricted feasible region.

Sensitivity Analysis and Reduced CostsAn important part of the optimization result is the
analysis of reduced costs. For the routes that were not selected in the optimal solution (i.e., x;; = 0),
the reduced cost indicates how much the transportation cost c; on that specific route must decrease
before it becomes economically viable to use it. Additionally, we analyzed the “Shadow Prices” for the
imposed constraints. The LINDO report provided the following dual values for the critical constraints
in Scenario 2 (Table 3).

The high shadow price for the S4 — D5 capacity constraint confirms that this arc is the primary
bottleneck of the system. Investment in expanding this specific route would yield the highest return
on investment (ROI) in terms of logistics cost reduction.

The increase in cost from 195 to 240 represents a 23 % increase in logistical expenses purely
due to constraints. This quantitative result validates the theoretical assumption that restrictions on
the domain of feasible solutions in linear programming generally worsen (or at best equal) the value
of the objective function. In the context of the Production-Transportation problem, this cost increase
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Table 2
Comparison of Optimization Results
Indicator Scenario 1 (Unconstrained) Scenario 2 (Constrained) Deviation
Total Cost 195 units 240 units +23.1 %
Used Routes 8 active routes 9 active routes +1 route
Key Change Utilized cheapest routes Forced to use expensive routes Reallocation
(¢;=1.3) (c;=8..10)
Bottleneck None Route Capacity limit hit
S4 — D5 (saturated)
Table 3
Shadow Prices for Critical Constraints
Cm%;t;:mt Specific Constraint (SE:;;v‘ﬁ}:iece) Interpretation
Capacity Limit | Route S4 — D5 -8.0 Increasing capacity by 1 unit saves 8 monetary units
Priority Supply | Source S4 — D1 <2 12.0 Relaxing this forced supply saves 12 units per unit
Supply Balance | Source S3 Capacity 0.0 Source is not fully utilized or has alternatives

signals to the manufacturer that investing in infrastructure (to remove the bottleneck) might be more
profitable than paying high transport costs [14; 15].

Conclusions

The study confirmed that the standard Transportation Problem is an idealization, while real-world
logistics requires the use of the Capacitated Transportation Problem (CTP) model. Mathematical
modeling using LINDO proved effective for solving both basic and constrained problems. The
introduction of constraints on arc capacity and priority servicing led to a significant revision of the
optimal plan. The cost analysis showed that imposing constraints increased the total transportation
cost by approximately 23 % (from 195 to 240). This «cost of constrainty» is a critical metric for
logistics managers. Future research should focus on solving large-scale multi-product problems using
heuristic algorithms, as classical linear programming may become computationally expensive for
national-scale networks and autonomous transport integration.
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