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Ha cyuacnomy emani nayko6o-mexmuiuno2o npozpecy, 0coou6o y 36'a3Ky 3 WUPOKUM GUKOPUCIAHHAM KOMNOZUM-
HUX Mamepianis, ICHYe Ha2aabHa nompeba y 6UEHUEHHI QI3UKO-MEXHIYHUX XAPAKMEePUCMUK MAKUX MAmepianie, ujo 3Haxo-
0AMbCA 8 PIBHUX YMOBAX eKCHIYAMAayii, wjo MamemMamuyno npu3eooums 00 3a0a4i po3e s13y6anHs cenapamuoi cucmemu
ougheperyianbHuX pigHAHb OPY2020 NOPSAOKY HA KYCKOBO-00HOPIOHOMY IHMeP8ai 3 8iONOBIOHUMU NOYAMKOSUMU Md KPA-
HOBUMU YMOBAMU, 30KpeMA, 3a0a4d OUHAMIKU MAMEMAMUYHO NPU3BO0UMb 00 NOOYO08U PO36 A3KY CENapamHoi cucmemu
oughepenyianbHUX PiBHAHL 3 YACMUHHUMYU NOXIOHUMU 2iNepOONIuHO20 MUNY.

Oonum i3 epexmuenux memoois nody00su IHMe2PALbHUX 300PANCeHb AHANIMUYHUX PO38 S3KI8 ANOPUMMINHO20
xapaxmepy 3a0ay mamemamuunoi Qizuxu € Memoo 2iOpUOHUX IHMeZPANbHUX NePEemEOPeHtb.

Y yiti pobomi nobyodosano pose’azox sadaui Ounamiku na mpuckradoeomy ceamenmi [0;R.] 3 0soma moukamu
CHPAANCEHHS MemoOoM 2IOpuoHo20 IHmezpanbHoeo nepemeopenus Eiinepa-@yp ‘e-Eiinepa.

3adaua ounamixu Ha MPUCKIAO0BOMY CeeMeHmi MAMeMamuyHo NPU3800UNsb 00 HOOYO08U 0OMENCEHO20 PO38 ‘A3K)
cenapammuoi cucmemu mpbox OUpepeHyiarbHux PiBHAHb 3 YACTMUHHUMU NOXIOHUMU 2inepOoniuHo20 muny 3 8i0nosio-
HUMU NOYAMKOGUMU YMOBAMU, YMOGAMU CIPAICEHHA MA KPAUOGUMU YMOSAMU. 3aCcmocy6aguiy 00 yici Kpatiogoi 3adayi
2ibpudne inmeepanvre nepemsopens Einepa-®@yp e-Eunepa, ompumaemo 3aoauy Kowi. 3naiiuwosuu poss 'sa30k 3adaui
Kouwi, mu 3acmocogyemo 00 Hb020 obepHeHe 2ibpudre inmeepanvHe nepemeopenns Eiinepa-@yp ‘e-Einepa.

Ipsime inmeepanvhe nepemesopenns Etinepa-@yp 'e-Eiinepa na cecmenmi 3 080Ma MOYKAMU CAPSICEHHSL 3ANUCY-
€MbCAL Y UIAOT MAMPUYi-psiOKa. Buxiona cucmema ma nouamrosi yMO8U 3anUcyiomvbCs 8 MampudHill gpopmi, i Mu 3acmo-
COBYEMO ONEPAMOPHY MaAMPUYIO-ps00K 00 3a0anoi 3a0aui 3a NPAGUIOM MHOICEHH Mampuys. B pezynbmami ompumyemo
3a0auy Kowi ons 36uuatinoco ougpepenyianrvnozo pisusnus. Qbepnene nepemesopenns Einepa-@yp e-Einepa 3anucy-
€MbCs Yy 8UNAAL ONEPamopHoOl Mampuyi-cmognys, i Mu 3acmoco8yeEMo 11020 00 nody008ano2o poss asKy 3aoaui Kowi.
Iicna 30iicHenHs nesHUX nepemseoperb Mu OMPUMYEMO EOUHUTI PO36 30K 6UXIOHOI 3a0adi.

ITobyoosani po36’s3Ku Kpariosux 3a0a4 Maomy ai0pUmMINHULL XapaKmep, wo 003605€ GUKOPUCIMOBYBAMU IX AK
Y meopemuiHux 00CTiONCEHHAX, MAK I 8 YUCTOBUX PO3PAXYHKAX.

Knrouosi crosa: eiopudnuii ougepenyiansruti onepamop, 3a0aua OUHAMIKU, 2I0pUOHe iHmezpaibHe nepemeopeHHs.
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MODELING OF DYNAMIC PROCESSES BY THE METHOD OF HYBRID INTEGRAL
TRANSFORM OF EULER-FOURIER-EULER TYPE ON THE SEGMENT

At the present stage of scientific and technological progress, especially in connection with the widespread use
of composite materials, there is an urgent need to study the physical and technical characteristics of such materials
that are in different operating conditions, which mathematically leads to the problems of solving a separate system
of differential equations of the second order on a piecewise homogeneous interval with the corresponding initial and
boundary conditions, in particular, the dynamics problem mathematically leads to the construction of a solution of a
separate system of partial differential equations of hyperbolic type.

One of the effective methods for constructing of integral representations of analytic solutions of the algorithmic
nature of the problems of mathematical physics is the method of hybrid integral transforms.
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In this paper we construct a solution of the dynamics problem on the three-component segment [0,;R ] with two
points of conjugation by the method of hybrid integral Euler-Fourier-Euler transform.

The problem of dynamics on the three-component segment mathematically leads to the construction of a limited
solution of a separate system of three partial differential equations of hyperbolic type with corresponding initial conditions,
conjugation conditions and boundary conditions. Applying to this boundary-value problem the hybrid integral Euler-
Fourier-Euler transform, we obtain the Cauchy problem. Finding a solution to the Cauchy problem, we apply to it the
inverse hybrid integral Euler-Fourier-Euler transform.

A straight integral Euler-Fourier-Euler transform on the segment with two points of conjugation is written in the
form of a matrix row. The output system and the initial conditions are written in a matrix form and we apply the operator
matrix row to the given problem by the rule of multiplication of matrices. As a result we obtain the Cauchy problem for
the ordinary differential equation. The inverse Euler-Fourier-Euler transform is written in the form of an operator matrix
column and we apply it to the constructed solution of the Cauchy problem. After completing certain transformations, we
obtain the unique solution of the original problem.

The constructed solutions of boundary value problems have an algorithmic character, which allows us to use them
both in theoretical studies and in numerical calculations.

Keywords: hybrid differential operator, problem of dynamic, hybrid integral transform.

IlocTanoBka nmpodJjaemMu

Ha cyuyacHomy erani HayKOBO-TE€XHIYHOTO IIPOrpecy, 0COOIMBO Y 3B SA3KY 13 LIMPOKUM 3aCTOCY-
BaHHSIM KOMITO3UTHHX MaTepialliB, BHHUKAE TOCTpa MoTpeda y BUBUEHHI (DI3UKO-TEXHIYHUX XapaKTe-
PHUCTHK JJaHUX MaTepiaiB, sIKi 3HAXOIATHCS B PI3HUX YMOBaxX eKCILUTyaTallii, [0 MaTeMaTHYHO MpH-
BOJIUTH JI0 3aJay 1HTErpyBaHHs CenapaTHOi CUCTEeMU Au(depeHIialbHUX PIBHIHb JIPYrOro MOpsAKY
Ha KyCKOBO-OJHOPIIHOMY IHTEepBai 3 BIAMOBIAHUMHU IMOYAaTKOBUMHU Ta KpailoBumMu ymoBamu [1-3],
30KpeMa 3ajiaya JUHAMIKM MaTeMaTHUYHO MPUBOJUTH 710 MOOYJOBU PO3B’S3KY CerapaTrHOi CUCTEMHU
PIBHSIHB 3 YAaCTUHHUMH MOXIAHUMHU riepOOoIiYHOrO THILY.

AHAaJIi3 0CTaHHIX JOCTiIXKeHb | myOsikanii
OpuuM 13 e(peKTUBHUX METOAIB MOOYIOBH 1HTErpalbHUX 300pakeHb aHANITUYHUX PO3B’SI3KIB
AJTOPUMTIYHOTO XapakTepy 3aJ1ad MaTeMaTUIHO1 (Pi3UKH € METOJ] TIOPHIHUX 1HTETpaJIbHUX ITEPETBO-
peHsb [1-6].
B [6] moGynosano ribpuane interpansue nepersopenns (I'IIT), mopomkene na cermenti [O;R]
3 IBOMA TOYKaMU CIIPsDKEHHS T10puaHuM mudepentiansaumM orepatopoM (I710) Einepa-Dyp’e-Eitnepa.

Merta nocaixzkeHHS
[ToOynyBatu po3B’s30K 3a/1a4i IMHAMIKK Ha TPUCKIanoBoMy cermenTi [O;R,] 3 nBoMa Toukamu
CTIPSKEHHS 32 IOTIOMOT0I0 T1OpUAHOTO IHTETrpabHOTO nepeTBopenHs tuiy Eitnepa-@yp’e-Eiinepa.

BuxkaneHHs1 0CHOBHOIO MaTepiaJy J0CJiKeHHS
3amaya TMHAMIKH Ha TPUCKIIJI0BOMY CETMEHTI MaTeMaTU4YHO MPUBOAUTSH J0 OOYI0BHU B 001aCT1

D, ={(t,r):t>0rel} , I,={r:re(0;R)U(R;R)U(R;R,)|

0OMEKEHOT0 PO3B’SI3Ky CUCTEMH PIBHSHB TiMEPOOTIYHOTO THITY
2

%ﬂ(ful —afB; [u,]= £, (t.r), r €(O;R),

or’
u o
722+Y§”2_022W[”2]:f2(t"')’"E(Rl;R2)s (1)
O~ @B ] = £ (67, r e (R:R,)
o YslUs —a; B, (U | = J5\LT), 251 ),
3a MOYaTKOBUMHU YMOBaMHU
ou; e
u; (1,r) =g, (")’5 o=, (r).re (Rj—l;Rj)’J =1L3,R =0, (2)

https://doi.org/10.32782/mathematical-modelling/2022-5-2-3
28



ITPUKIIA/THI ITNTAHHA MATEMATHYHOI' O MOJE/IFOBAHHA Ne 5.2, 2022

0 0
Kaf‘l ar + BI;I juk - (0‘/;2 ar + Bl;zj”kn}

lim r'u, =0, (a3,d / dr+ B3, )ty |,_p = 0. 4)

YMOBaMHU CIIPAXKCHHSA

rr =0, k=12, 3)

Ta KpallOBUMHM YMOBaMU

Tyt GepyTh yuacTh audepeniianbhi oneparopu Eitnepa apyroro mopsiaky B, [6].

Ha xoedirmienTn, mo 6epyTh y4acTh B IOCTAHOBIII 33]1a41, HAKJIAIAI0THCS TEBHI TPUPOIHI YMOBH
oOMexeHHs [6].

B [6] nobynosano npsme H,, i obeprene H ) ribpuane iHTErpaibHe NEPETBOPEHHS, MOPOA-

YKEHe Ha MHOXUH1 [, T10puaHuM audepeHialbHUM ONepaTopoM

M, =6(r)6(R ~r)a;B, +0(r—R)0(R,—r)a;d /dr+6(r-R,)0(R, —r)a;B, :
Hy[g(r)]= Ig Vi (rB)o(r)dr = &(B), (5)

H,[&(B)] Jg Vi (r:B)©, (B)dB = g(r), (6)

Ta BUBEJICHA OCHOBHA TOTOXXHICTH 1HTETPAIILHOTO MEPETBOPCHHS T1OPUAHOTO TU(EPEHIIaATBEHOTO
oreparopa M(a)

H

(@) |:M(u) [g(r)]:| - _B2g(B) - Zlkagj (B) + ((132 )_1 V(a);3 (Rp 3)6132631332“2”& +

+Zd [z, (a)12 B) @y — Z(l;);zz (B) oy - (7)

TyT 0(x) — onquHuuHa ¢yHKIis [eBicaiina, ciekTpaabHa BEKTOP-PyHKIIIA

:ie(r_Rk—l)e(Rk _r)V(a);k (r.B), Ry =

k=1

BaroBa (yHKIIis
o(r)=0(r)0(R —r)o,r** +0(r-R)0(R, —r)o, +0(r—R)0(R, —r)o,r’®"

Ta CIIEKTpajbHa LIIBHICTE ©, (B) [6], a Takox iHII Benn4nHA Ta QyHKIIL, Bu3HAYeHI B [6].
3HaiiIeMo IHTerpaIbHe 300paKeHHSI aHATITHYHOTO PO3B’s13Ky 3a1adi (1) — (4) MmeTomom ribpu/-
HOTO IHTErpabHOro TepeTBopenHns tuny Einepa-®yp'e-Einepa na tpuckinanosomy cermenti [O;R . ]
3 IBOMa TOYKaMH CIIPSDKEHHS, 3alpoBaKeHOro npaBuiamu (5) — (7).
3anumemo cuctemy (1) Ta modaTkoBi ymMoBH (2) y MaTpuuHiid opmi:

(S:erl—alBj (r.r)

2 2 ‘fi (t’r)
(; v aarzjuz(t,r) LAt
g £ (tr)
_[yﬂg _agg;j% )]
u (t,r) g (r) . u (t,r) ¢, (r)
U (t,r) o= & (r) " U, (l‘,r) o=, (") . 3

u (t,r) g (r) u, (t,r) 9 (r)
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[urerpanbhuii oneparop H, 3riaHo npasuia (5) 300pasuMo y BHIVISII ONEPATOPHOI MaTpH-

i-psiiKa:

H(a)[ ——|:I (a)l r[} or FRot g J. V I’ B)ngi’ I (a)3 ,.B oyr PRl g

)

3acTocyeMo ornepaTopHy MaTpPUIIO-PsIoK (9) 3a MpaBUIOM MHOXKEHHSI MaTPHUIlh 10 3aaa4i (8).

Bracnigok ocHOBHOT TOTOKHOCTI (7) oTpuMyemo 3amaay Korri:
d2 . R s
[F + szu(t,[}) + (kl2 +y; ) J' U (1,7)V g (15 B) o> dr +
0
+(k22 + yg) I Uy (1,7)V o, (7, B)o,dr +

& )
+(k32 + yg)‘[% (1) Vs (s B)osr*dr = f(1,B),
Ry

dii

E'rzoz (TD(B)

i(t,B)|,.o= &(B),

Ipumycrimo, o max {y7;v3;v3} =v; . [lokmanemo Bcionu k' =0, & =v; -3 20, k; =} -

Onepxxyemo 3amauy Kormri:
d’ - =
(W + Bz + iju(taﬁ) = f(taB)a

il= 80, =50,

besnocepennro nepeBipseTbes, mo po3B’si3koM 3aadi Komri (10) € dyHKIis

. sin /B> +y7t _ d sin B’ +yl . Lsin B> +v; (F -
wt,B) = —=—=—0p) + &P+ f (t,p)d.
B a e g VBt

y2>0.

(10)

(11)

[uTerpanbhmii oneparop H ) 3rifHo npasnia (6), sk obepHenuit 110 (9), 300pazumMo y BUIIIS AL

OTIepaTOPHOI MaTPUIi-CTOBIIIIS:

2]V (B)©,, (B)dP

H[L]= = ! V2 (1 B) O, (B)dB |-

2[ Vs (rB) ey, (B)dp

LT0

(12)

3acToCyBaBILM ONEPATOPHY MaTpUIlO-cTOBNELb (12) 3a MpaBUIOM MHOXEHHS MaTpuUllb 10

MaTpHIli-eJIeMeHTa

[a(t,p)],

ne GyHKuis 4(f, ) Bu3Ha4eHa Gopmysoro (11), onepxkyemMo €MHUN PO3B’A30K rinepOomivyHoi 3a1a4i

(1) = (@):

(r.r)= .HIH (1= r,p)[fl (np)+ o (p)d, (T)] o’ dpdt +

t Ry
f
0

jH(a) 2 (t=nrp)[ £ (1.0)+ 0, (p)3, () |o,dpdr +
R,
t Ry

”H(a);ﬂ (r-= I‘,p)|:f3 (t.p)+¢5(p)3, (T)] o, dpdt +

0R,
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I @i (175P) & (p)crz“'*'dp+—_[H 12 (67,p) & (P)oudp +

+E,‘!H(a);j3 (t,r,p)g3 (P)Gs"za2+ldpa J= 19_3 (13)
VY piBHOCTX (13) OepyTh y4acTh MOPOKEHI HEOTHOPIIHICTIO CUCTEMHU (YHKIIIT BIUTUBY:
Zsin B’ + v/t R
H(a);jk (t’ r, p) = '.!'Bz—-i-'yzl I/(on);j (I‘, B) V((l);k (l", B)©(Q) (B)dB’J’k = 1’ 3. (14)
1

[Ipu upomy §,(f) — nenvra-pynkuis dipaka, 3ocepemkena B Toulli 7 = 0 +. BoHa BUKOPHCTOBY-
€ThCs B piBHOCTI (13) /15t CKOpOUEHHS 3amuCy 1 03HaYae, 1Mo MOTPIOHO OpaTy 3HAUYCHHS BiAMOBIIHOT
¢byHskii B Toui 0.

3ayeasicenns. Ilpu max{yl,yz,y3} Ve, kI =y, -v,20,j=1,23m=23, ity dopmyn (14)
Bupas (B’ +y;) MiHs€ThCS HA BUpa3 (B> +7v2).

BucHoBku
[ToOynoBanwuii po3B’s130k (13) rimepdoniunoi 3anaui (1) — (4) mae anropuTMIYHUNA XapakTep, 110
JI03BOJIsSIE BAKOPUCTOBYBATH HOTO SIK B TEOPETUUHUX JOCIIPKEHHAX, TAaK 1 B UUCIOBUX PO3pPAXyHKaX.
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