IPUKTA/IHI IIHNTAHHA MATEMATHYHOI' O MOAE/TIOBAHHA T. 4, ée 1, 2021

VJIK 539.3
H.0. SIPEITbKA

XMeNbHUIBPKUI HAIliOHANBHUH YHIBEPCUTET

MATEMATUYHE MOJEJIOBAHHSI KOHTAKTHOI B3AEMO/IIT
INONNEPEITHBO HAIIPYXKEHOT' O KIVIBHEBOI'O ITAMIIA TA IIPYKHOI'O
IMIBITPOCTOPY 3 HOYATKOBUMMU HAIIPYKEHAMU

Cmammsa  npucesauena MamemMamuyHOMy MOOENOBAHHIO KOHMAKMHOL  83a€MO0ii  nOnepeoHvo
HANPYIICEHO20  KibYe8o20 WIMAamMna ma HPYICHO20 NIGNPOCmopy 3 NOYAMKOGUMY  (3QTULUKOBUMU)
Hanpycennamu. Ilpedcmaeneno po36’s130Kk OnA  KiNbYeB020 NPYIHCHO20 WIMAMAA, WO B6pPAX08YE BNIUB
NnOYAMKOBUX HANPYIHCEHb. 3a0auy po3s a3aHo Y GUNAOKY PIGHUX KOPEHIG 8U3HAUANbHO20 PIGHAHHA. J]0CTiONCeH s
nPeOCmasieno 6 3a2aibHOMY GU2IS0L Ol Meopil GeIUKUX NOYamKO8UX deopmayiti i 060X eapianmie meopii
MAIUX NOYAMKOSUX OeopMayii y pamKax NiHeapu308anoi meopii NpysicHocmi npu OO0GiLIbHIN CMpyKmypi
npyscrno20 nomenyiany. lpunyckacmocs, wo nowamrosi Cmauu nPY*CHO20 Kilbye60o20 Wmamna ma npyiHcHo20
nignpocmopy 00HOPIOHI ma piewi. J{oCHiONCeHHs: NPO8OOUMbCsL 8 KOOPOUHAMAX NOYAMKOB8020 0epOpMOBAHO20
cmany, AKi No8'A3aHi 3 nazpamdicesumu Koopounamamu (npupoonozo cmany). Kpim moeo, énius xinvyeeozo
Wmamna GUKIUKAE HesenuKi 30ypents 8iON0GIOHUX GeUYUH OCHOSHO20 HANPYIHCEHO-0e@OPMOBAHOZ0 CMAHY.
Taxooic nepedbauacmves, wo NpyjrcHUl Kinbyegull wimamn ma npy’CHUll nienpocmip 6u20moeieni 3 pisHux
[30MpONHUX, MPAHCEEPCANbHO-I30MPONHUX aD0 KOMRO3UYiuHuUx mamepianie. HageOeni 3acanvhi po3s’sasku
OCHOBHUX OuhepeHyianbHux pIGHAHL NIHeapu308aHOi Mmeopii NpPY’CHOCMI Yy GUNAOKY OCeCUMempudHol
oeghopmayii 0ns ckinuennoi Kinbyegoi obnacmi. ¥ pesyiomami, po3s a3ku nOCmasienoi 3a0aui npedcmasieni y
8u2nA0i HeCKiHUeHHUX pA0i8, KoepiyicHmu AKUX BUSHAYAIOMbCA 3 HECKIHUEHHOT cucmeMu aneeOpaiuHux pigHsaHb.
IIposedeno Oocniodcenns 6NAUBY NOYAMKOBUX (3ATUWKOBUX) HANPYIHCEHb YV HIBNPOCMOPI Ma Kilbyegomy
wmamni Ha po3noodin KOHMAKMHUX XapaKmepucmux 6 obracmi Konmakmy. Y Gunaoxy pienux Kopemie ma
nomenyiany bapmenesa-Xasanosuua naseoeno pe3yibmamu YuceibH020 aHAli3y, Wo NOOaHi y eu2isioi 2pagikis,
AKi imlocmpyloms 00CMAmHb0 3HAYHUL 6NAUE NOYAMKOSUX Hanpyicenb. Omoice, 6NAUE NOYAMKOBUX HANPYICEHD
HA  HARPYICEHO-0ePOPMOBAHUI CMAH NPYICHO20 KINbYe6020 WMAMNA, WO 6MUCKAECMbCA Y NPYHCHUL
nienpoCcmip, NOALAE Y MOMY, WO: Y GUNAOKY CIUCHEHHS NOYATNKOBI HANPYHCEHHS 8 NIGNPOCTNOPT NPU3BOOAMb
00 3MEHUIEeHHA HANPYICEHb Y NPYICHOMY WMAMNI, a Y UNaoKy posmsaey — 00 ix 36inbuuenns, a 01 nepemiujens
— HABNAKU.

Knrouosi cnosa: 3anuwxoei nanpysicenns, pieHi KopeHi, 1iHeapu308ana meopis npyjiCHOCHI, NOMEeHYia
bapmenesa-Xazanosuua, necmucaugi mina.

H.A. APELIKAA

XMeNnbHULKHUIN HAIITMOHAJIBHBI YHUBEPCUTET

MATEMATHYECKOE MOJAEJINPOBAHUE KOHTAKTHOI'O
B3AMMO/JIEVICTBUSA ITPEJIBAPUTEJIBHO HAIIPSIXKEHHOT'O KOJIBIIEBOI'O
IITAMITA 1 YITPYT'OI'O ITIOJIYITPOCTPAHCTBA C HAYAJIbHBIMH
HAIPSA)KEHUAMUAU

Cmamva  noceéaujena  Mamemamuyeckomy MOOeIUPOBAHUI0  KOHMAKMHO20 — 83aUMoOelicmaus
npeosapumenbHo HANPANCEHHO20 KONbYeB020 WIMAMNA U YAPY2020 HOLYRPOCMPAHCIBA C HAYANbHbIMU
(ocmamounbimu) nHanpasxcenuamu. Ilpedcmasneno peuwieHue 0 KOAbYeB020 YPY2020 WMAMNd, yuumslearoujee
GIUAHUE HAYANLHLIX HANPAXCeHUl. 3adaua pewlena 6 clyuae pAGHbIX KOpHel onpeoensiouje2o ypaeHeHus.
Hccnedosanue npedcmasieno 6 obwem guoe 0isk meopuu 60IbUUX HAYATbHBIX deopmayuil u 08X 8apPUAHINOE
meopuu MAIbIX HAYAIbHLIX Oepopmayuil 8 pamKax IUHEAPUI06AHHOU Meopuu YRpy2oCmu npu NpouU360IbHOL
cmpykmype ynpyeozo nomenyuana. Ilpeononazaemcs, 4mo HauaibHbie COCHOSHUA YAPY2020 KONbYEB8020
Wmamna u ynpy2020 noaynpocmpancmeda 00HopoOHvle u pasuvie. Hccnedosanue npogedeno 6 KOopOuHamax
HAuanbHO20 0e@OpPMUPOBAHHO2O COCMOSAHUS, KOMOpble CEA3AHHbI C  JIASPAHIICE8LIMU  KOOPOUHAMAMU
(ecmecmeennoeo cocmosinus). Kpome moeo, enusnue Konwvyego2o ulmamna vl3viéaenm HeOOablue 03MYWeHUs.
COOMBEMCMBYIOWUX — BEIUYUH ~ OCHOBHO20  HANPINCEHHO-0epopmuposannozo  cocmosanud.  Taxowce
npeononazaemcs, 4mo ynpyauti Koabyegou Wmamn u ynpy2oe HOIYNPOCIPAHCINGO U320MOGIeHbl U3 PA3TUYHBIX
U3OMPONHBIX, MPAHCEEPCATILHO-UZOMPONHLIX UIU KOMNO3UYUOHHBIX Mamepuanos. IIpusedenvl odwue peuieHus
OCHOBHBIX OUhepeHyUanbHbIX YPasHeHUll TUHeapU308AHHOU Meopul YRpy2oCmu 8 ciyide 0CecUMMempUuyHoU
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Odeghopmayuu 011 KOHEYHOU KOIvbyegou obracmu. B pesyremame, peuwieHUss NOCMABIEHHOU 3a0auu
npeocmasietsl 8 8ude 6eCKOHeUHbIX PA008, KoIPduyueHmsl KOMOPbIX ONPedesIOmcs ¢ OeCKOHEYHOU cucmembl
aneedpauveckux ypastenui. IIpoeedeno uccredoganue 6IUAHUSL HAYATLHBIX (OCMAMOYHBIX) HANPAXHCEHUl 6
ROYNPOCMPAHCINGE U KOTbYESOM WmaMne HA pacnpeoeieHue KOHMAKMHbIX Xapakmepucmux 6 obiacmu
Kowmakma. B ciyyae pasuvix xopueil u nomenyuana bapmenesa-Xaszanosuua npusedenvi pesyivbimamvl
YUCTIEHHO20 AHAU3A, NPeOCmABNeHHble 8 6Ude 2paghuKos, UNTIOCMPUPYIOWUX OOCMAMOYHO 3HAYUMETbHOE
enuAnUe HavanvHulx Hanpsaxcenuti. CrnedogamenvHo, 6IUAHUE HAYANLHLIX HANPAXCEHUN HA HANPAHCEHHO-
Oepopmuposantoe COCMosHUe YNPYeo20 KOAbYE8020 WIMAMNG, KOMOPbull 80A8IUSAemcs 6 Ynpyeoe
ROYNPOCMPAHCINGO, 3AKNIOYAEMCA 8 MOM, UYmo: 6 Cayude CoHcamus HAYanbHble HANPAXCeHUs 8
NONYNPOCMPAnCcmee NPUBoOSmM K YMEHbUEHUIO HANPANCEHUI 8 YNPY2OM Wmamne, a 6 Ciydde pacmadiceHus - K
ux ysenuuenuo, a 0 nepemeujeruti - Haobopom.

Kniouesvie cnosa: ocmamounvie Hanpsaxicenus, pasHvie KOPHU, TUHEAPUIUPOSAHHAS MeOPUs YIpy20Cmu,
nomenyuan bapmenesa-Xazanosuua, necorcumaemvle menda.

N. O. YARETSKA
Khmelnytsky National University

MATHEMATICAL MODELING OF CONTACT INTERACTION
OF A PRE-STRESSED RING STAMP AND ELASTIC HALF-SPACE
WITH INITIAL STRESSES

The article is devoted to the mathematical modeling of the contact interaction of a pre-stressed annular
die and an elastic half-space with initial (residual) stresses. The solution for annular elastic die is presented,
which take into account the influence of initial stresses. The problem is solved in the case of equal roots of the
defining equation. The study is presented in general for the theory of large initial deformations and two versions
of the theory of small initial deformations in the framework of the linearized theory of elasticity for an arbitrary
structure of the elastic potential. It is assumed that the initial states of the elastic annular die and the elastic
half-space are homogeneous and equal. The study was carried out in the coordinates of the initial deformed
state, which are associated with the Lagrangian coordinates (natural state). In addition, the effect of the annular
die causes small perturbations of the corresponding values of the basic stress-strain state. It is also assumed that
the elastic annular die and the elastic half-space are made of various isotropic, transversely isotropic, or
composite materials. General solutions of the main differential equations of the linearized theory of elasticity in
the case of axisymmetric deformation for a finite annular region are presented. As a result, the solutions to the
problem posed are presented in the form of infinite series. The coefficients of this series are determined from an
infinite system of algebraic equations. The study of the influence of the initial (residual) stresses in the half-
space and the annular die on the distribution of contact characteristics in the contact area is carried out. In the
case of equal roots and the Bartenev-Khazanovich's potential, the results of numerical analysis are presented.
These results are presented in the form of graphs. They illustrate the rather significant influence of the initial
stresses. Therefore, the effect of initial stresses on the stress-strain state of the elastic annular die, which is
pressed into the elastic half-space, is that: in the case of compression, the initial stresses in the half-space lead
to a decrease in stresses in the elastic die, and in the case of stretching - to their increase. But in the case of
displacement is the opposite.

Key words: residual stresses, unequal roots, linearized theory of elasticity, Bartenev-Khazanovich's
potential, incompressible bodies.

ITocTanoBka nmpodJjieMmu

JlocmipkeHHST Ta MaTeMaTUYHE MOJICIIOBAHHS TMPOIECIB KOHTAKTHOI B3aeMOil
MPYKHUX TiT 13 BpaXyBaHHSIM MOYATKOBUX (3aJUIIKOBHX ) HAMPY>KEHb € YACTUHOIO BEJIHMKOI 32
00csiroM Ta akKTyalbHOI 00JIaCTI MEXaHIKM CYIUIBHMX CEPEIOBHIN, IO Oe3MepepBHO
po3BuBaetThes. [linTpumMkoro mporo ciayrye Buctyn akagemika HAH Ykpainu JI. JIoGaHoBa i3
nonoBigao «IIpo BUKOHAaHHS IIILOBOI TporpamMu HaykoBux nociimkenb HAH Vkpainu
«HaniliHicTh 1 MTOBrOBIYHICTH MaTepialiB, KOHCTPYKIiN, oOnagHaHHa Ta criopym»» [1] Big
09.12.2020 p.

OckibkM MaTeMaTHYHE MOJCIIOBaHHS (I3MYHUX Ta MEXaHIYHUX TPOIECIB Mae
JIOCTaTHHO BAaroMui BIUIMB 1 JIO3BOJISIE ONTHUMI3yBaTH PO3PAXyHOK BUTpAT MaTepialiB, ix
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€KOHOMIUHY BapTICTh, MOKPAIIUTH €KCILTyaTalliifHi XapaKTepUCTUKN KOHCTPYKIIii Ta AeTaneit
MallfH, 10 JOJATKOBO MiAKPECIIO€ BAXKIUBICTh TMPOBEACHHS JOCHTIIKEHh 3 MEXaHIKU
TBEPJOTO 1e(POPMOBAHOTO TiJIa.

ToMy pnaHa cTaTTs NPUCBAYCHA OCTIIKEHHIO THUTAHHS KOHTAKTHOI B3aeMOJIil
MPY’>KHOTO KUIBIIEBOTO IITaMIIa HAa TPYXKHUW MIBIPOCTIP 3 MOYATKOBUMH (3TMITKOBHMH )
HanpyXeHHsIMH (0e3 BpaxyBaHHS CHJ TEpTs), SKi MAlOTh CYTTEBUH BIUIMB HAa KOHTAKTHI
XapaKTEePUCTUKH Tporiecy [2].

AHaJTI3 OCTaHHIX JOCTiTAKeHb | myOaikanii

BpaxoByroun akTyaJabHICTh JOCITIKEHHS HayKOBHUX MPOOJIEM 3 KOHTAKTHOI B3a€MOIIi
TBepauX Je(hOpPMOBAHUX TIiJ, a TAaKOX HEBIUHHUH PO3BUTOK Yy CYYaCHOMY CBITI HOBHX
TEXHOJIOTiM, IO CTPIMKO pO3BUBAIOTHCS 1 BHUMAraloThb 3aJy4YeHHsS BCE CKJIAIHIIIAX
MaTeMaTHUYHUX PO3PaxyHKIB, KUIbKICTb HAayKOBHX ITyOJIIKAIliid, IO OXOIUIIOE€ BHUCBITIICHHS
JAHOTO KOJIa THTaHb, TAKOX IOCTIMHO 3pocTae. Sk HACHIiOK, OTPUMaHi pe3yibTaTd i3
IIMPOKOTO KOJIa TUTaHb, IO MpeacTaBieH] HaykoBuMH mparsamu [2—13]. Cepen sikux € psif
nyOmikaiiiii MoHorpadiunoro [3-6] Ta y3arampHIoro4oro [7-10] xapakrepy, sKi TOBHICTIO 200
YaCTKOBO ITOB'sI3aH1 3 TEMATUKOK TAHOTO JOCIHIKEHHS.

JlocmipKeHHsT MPOBEACHI B paMKax JiHeapu3oBaHOi Teopii mpyskHocti [4-5]  ms
KOHTAaKTHOI B3a€MOJii JKOPCTKHMX 1 TNPYXKHUX INTaMIMiB 13 TiJJaMHd 3 TIOYaTKOBHUMH
HanpyxeHHsmHu [8-9, 11 - 13].

Tak, y crarti [11] po3rissHyTO pO3B’S30K KOHTAKTHOI 3a7adi MPO THUCK >KOPCTKOTO
KUTBIIEBOTO IIITaMIla HAa TMIBIPOCTIP 3 MOYATKOBUMHU HANPYKCHHSIMH. BIUTUB MOYAaTKOBUX
HanpyXeHb Ha BICECUMETPUYHY KOHTAaKTHY B3a€MOJIII0 TMPY>KHUX KUIBLIEBOrO MITaMIia Ta
HiBOPOCTOPY Yy BHIAJKy HEPIBHUX KOPEHIB BH3HAYAJIBHOTO PIBHAHHSA Ta TMOTCHLIATY
Tpenoapa npeactaiaeHo B po6oTi [12]. Takoxk, 4UCIOBHI pO3B’A30K KOHTAKTHUX 3a7a4 MPO
TUCK JIBOX CHIBBICHMX MNPYKHUX IWJIIHAPUYHUX IITAaMIIB HAa NpPYXHUH IMIap, y SKOMY €
3aJIMIIKOBI JedopMallii Ta THUCK OJHOTO IONEPEAHHO HAMPYKEHOTO IWIIHApPAa Ha Imap 3
NOYaTKOBUMHU HAIPYKEHHSAMH PO3TIISIHYTO B cTaTTi [13].

[TomibHa KOHTaKTHa 3ajJada JO JAHOTO BWIMAAKYy TNPHU BIJICYTHOCTI IOYATKOBHX
Hanpy>keHb (TOOTO y KJIaCHYHOMY BUIIAJIKY) PO3IIIAHYTa B [6].

[Ipobnema mepemayui HaBaHTAXEHHS BiJl MPYXHUX CTPUHTEPIB JO HECHUX CJIEMEHTIB
KOHCTPYKLIi pO3IIIsiHyTO y mpartisix [8, 9].

A dbyHaaMeHTaNbHI pe3yIbTaTH JIIHEAPU30BaHOI TEOpIi MPYKHOCTI, HA IKUX OCHOBaHI
JOCHIJDKeHHsT JaHoi poOOoTH, BUCBITIEHI y mpaunsax akagemika HAH VYkpainu npocdecopa
OMTIy3s [2,4,5,7], sxkuii 3poOMB BEIWYE3HWH BHECOK Yy PO3BHUTOK CydYacHOi Teopii
KOHTaKTHOI B3a€MO/Iii MPY>KHUX TiJI.

Meta pocJainKkeHHs
[IpencraButu MaTeMaTUyHy MOJETb, TPAHUYHI YMOBU Ta pPE3yJbTaTH UHCIOBOIO
PO3B’S3Ky 3a7adi MpO KOHTAKTHY B3a€MOJIII0 MPY)KHOTO KUIBIEBOrO ITaMMa Ta MPYXKHOTO
MIBIPOCTOPY 3 TOYATKOBHMH HAIPY>KEHHSIMHU B Me)KaX JIIHEapU30BaHOI TeOpii Mpy>KHOCTI 6e3
BpaxyBaHHS CWJI TepTs. JlOoCHi/yKeHHS BUKOHATH y 3arajJbHOMY BHUIVISIII JUIS CTHUCIHX 1
HECTUCIUBUX T JJIA TEOpii BEIUKHX IMOYATKOBUX jedopmariiii 1 JBOX BapiaHTIB Teopii
MaJIX TOYaTKOBHX JAedopmMaiiii mnpu JOBUIBHIA CTPYKTYpi MPY>KHOTO MOTEHINANYy.
AHaNITAYHI Ppe3yJbTaTh TNPEJICTAaBUTH JUIsl BHUMAAKYy pPIBHUX KOPEHIB BH3HAYaJIHLHOTO
PIBHSHHS, a YHCIOBI — ais noteHuiany bapreneBa-XaszanoBuua. 3poOUTH BHUCHOBKH PO
BIUIMB MOYaTKOBUX HAMpPYXEHb HA KOHTAKTHY B3a€EMO/IIIO MPYXKHOTO KUIBLIEBOTO HITaMIla Ta

IpPY>KHOTO MIBIIPOCTOPY 3 MOYATKOBUMH HANIPY KEHHSIMH.
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BukiageHHsi 0CHOBHOI0O MaTepiajty A0CiKeHHS

VY crarti B paMKax JiHEapHU30BaHOI Teopii MNPYXKHOCTI JOCTiKEHAa CTaTUYHA
KOHTAaKTHa 3ajJjauya IMpO TUCK MOMEPEeJHbO HAIMPYXKEHOTO KUIBLIEBOIO IMITaMmma 3 IUIOCKOIO
OCHOBOIO Ha MIBMIPOCTIP 3 MOYATKOBHUMM HAIPYKCHHSAMHU Oe3 BpaxyBaHHS CHJI TepTS s
BUITAJIKy PIBHUX KOPEHIB BHW3HAuYajdbHOTO piBHAHHA [4, 5]. JloCHiPKeHHS BHKOHAHO Y
3aralbHOMY BUTIISAII JUIS CTHCIUBUX Ta HECTUCIMBUX TUT JUISl TEOpil BENHKUX (KIHIICBUX)
MOYaTKOBUX nedopmariid Ta JBOX BaplaHTIB TeOpii MalMX IMOYATKOBUX nedopmariii mpu
JOBUIBHIM CTPYKTYpl MpPYKHOTO MOTEHI[iany. BBakaemo, 1[0 TOYATKOBI HAIMpPyXKEHO-
nedopMOBaHI CTaHM Y IITAMITl Ta MIBIPOCTOPI € OJHOPIIHUMH Ta PiBHUMH. Benwmumnwm, 1mo
BIJIMIOBIZJAIOTH MPYXHOMY LITaMITy, OyZeMO 3alHucyBaTH 3 BepXHiM iHaekcoMm (1), a BenmuuuHw,
SIK1 BIJTHOCSTHCS JIO TIOTIEPETHBO HAPYKEHOTO MIBIIPOCTOPY — 3 BEPXHIM 1HIEKCOM (2).

Hexaii mnomepenHbO HampyXEHUH KUIBLIEBUH IITaMI CKIHYEHHOI BHCOTH H,
r€OMETPHUYHA BICh CUMETPIi SKOTO CIIBMAAa€ 3 BICCIO 3 MMJIIHAPUYHOI CHCTEMH KOOPIWHAT
(7, 6, y3) 1 HampaBiIeHA BCEPEAMHY MPYKHOTO MIBIPOCTOPY 3 MOYATKOBUMHU HANpPYKECHHIMHU.
[Ipuyomy, mTamm THCHE Ha MIBOpoOCTip 3 cuiow P. Bemnuunun R,R, — BIINOBIIHO

BHYTPIIIHINA Ta 30BHINIHIA paglycu ImTammna. BBakaeMo, 0 30BHIIIHE HaBaHTAKCHHS
MPUKIIAJIEHE JIUIIE O BUILHOTO TOPIS MPY>KHOTO IITamIa, MiJ i€l SKOTO yCi TOYKU TOPIIS
HITaMIa MnepeMilarTbCs B30BXK OCl CUMETPIi y3 Ha OJHY U Ty Xk BEJIMYUHY €. byemMo Takox
BBAXATH, IO TOBEPXHI 1032 MEXKEI KOHTAKTy 3aJIMIIAIOTHCS BUIBHUMHU BijJ BIUIMBY
30BHIILIHIX CHJI, @ HA M1 KOHTAKTy MEPEMIIICHHS Ta HaNpy>KEeHHs — HerlepepBHi [12].

HAns  pocnmijkeHHs ~ OyJeMO  BHUKOPHCTOBYBATHM  KOOPAMHATH  [OYATKOBOIO
negopmMoBaHOTO cTany (yi, V2, V3), SKi TIOB'Si3aHI 3 JIarpaH)KEBUMH KOOPAMHATAMH (X1, X2, X3)
CHiBBIIHOMIEHHAMU: y=AX;. TyT A; (i=1,2,3) — KoedillieHTH BHUIIOBXKEHHS, K BU3HAYAIOTh
NepeMileHHs] Mo4YaTKkoBoro craHy. Ilpuyomy, BiCh )3 chopsiMOBaHa IO HOpMail 10 00JacTi
KOHTAaKTYy, a IOYaTKOBI HANPY>KEHHs J1I0Th B3/10BX 30HU KOHTAKTY.

OCKiNbKM TOYaTKOBUH J1e()OpMOBaHWN CTaH TiJl € OJHOPIIHUM, 30HA KOHTAKTYy
OpYyXHUX Tin Oyae MICTUTHCS Y IUIOUIMHI )s3=const, a [is IITaMmla BHUKJIUKATHUME Y
HiBIPOCTOPI HEBEJIHMKE 30YPEHHST OCHOBHOT'O HAIpPY)KEHOTO CTaHy, JUIS SIKOTO BHKOHYIOTHCS
yMmoBH [12]:

SU=SP 20, SP=0, A=A %A, (1)

ne S,',S;” — KOMIOHEHTH CUMETPMYHOTO TEH30pa MIOYATKOBHX HAIMpPY/KEHb.

BpaxoBytoun ymoBu (1), po3B’30k OCHOBHHX PIBHSIHB y NepeMilleHHsIx [4, 5, 12] ans
CTHCIIMBHX Ta HECTUCIMBUX T1J MPEICTABUMO uepe3 (PyHKIIIO ¥, SKa 3a70BOJIbHSIE PIBHIHHS

(A +8 00 5)(A, +E 0 0y =0, 2
ne A, =06"/or’ +r ' 0for.

SIk 3a3HAyYANOCS BWINE, OOMEKHMMOCS BHIIAJKOM HEPIBHHX KOPEHIB (85 # &)

XapaKTEPUCTUIHOTO PIBHIHHSA (2).
Y cucreMi KONOBMX NWIIHAPUYHUX KOOpAMHAT (7, 0, z), A€ z =V, 'y,

v, =4n, (i=1,2), n,=E), n,=E; Takiii 1OCTAHOBII Bi/INOBI/AIOTH IPAHUYHI yMOBH:
Uy =- ) =0 (R <r<R =Hv,' (i=12 3
3 =78, 3 = (R <r ,), z,=Hv, (i=1,2), 3)

UP U 00 =00: OV =00 =0 (R<r<R).z0(-12. (&
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05 =0, 0F'=0 (0<r<R R,<r<«),z=0,(i=12), ()
0V =0, 0V=0 (0<z <Hv'),r=R, r=R.. (6)

YMoBa piBHOBard, sika BCTAHOBIIIOE 3B'SI30K Mk OCIJaHHSIM TOpLS Ta PiBHOAIMHOIO
HAaBaHTaXXEHHA P, Ma€ BUTIIAL;

RZ
P= —27zer;§> (0,7)dr . (7)
Rl
HampyxeHo-gedopmMoBanmii CTaH y  KUIBIIEBOMY INTaMIli 3  [MOYaTKOBUMU
Hanpy>KeHHSIMH BU3HAYMMO, CIIMPAIOYUCh Ha JiiHeapu30BaHi piBHAHHA [4, 5]. Toai 3aranbHuit
PO3B’S30K JUIs BUNIAJIKY PIBHUX KOPEHIB BU3HAYAIBHOTO PiBHSAHHS (2) ) MaTUMeE BHTJIS]

_ N5 (1+V|Z1)+z Jo(akr)+MY0(akr) (Eksh(akz])+ch(akzl))+
m _1 k=1 Y I”)
2 1 k
(8)
+v1zl(z\7kch(akzl)—Mshmkzl)ﬂa,
v,(1+m,)
e «,,y,— BinacHi 3HadeHHs 3azadl (3) — (7), F,— HeBiIOMI BeIWYMHH,

J(x), I(x)— ¢ynkuii beccens niiicHoro Ta ysBHOro aprymenry, K (Xx)— dyHKuis

Maknonansaa, Y(x)— ¢ynkuis Helimana, BiqIOBITHO, 3HAUEHHS m,,m, BU3HA4YalOTheA 3 [4],

A :M{Hcm(am} v1(1+m2)}(ak<1+ml>fl {(Hml)[l—mz _akH}_

v, (1+m,) v ) oo (+m) || v(+my) \(A+my)| m "
-1
o1 et PN Bl con B |2 | Em)  md=m) |
2] v, a, (1 + m1) a,m,
~ 1 r _
Mk: (Zk( +m1)H+ (1+ml) 1 mz_akH 1 ke akH )
V1(1+m2) (1+m2) L om v v,
-1
x| H| cth ot -1 +V1(1+m2)+v1(1—m2) ‘
vl ak(l+m1) akml
Hanpysxeno-negopMoBanuil cTan y Mpy>XHOMY KUIbIIEBOMY IITaMII 3 MOYaTKOBUMH

HaNpy>KeHHSIMU JJISi CTUCIMBUX Ta HECTHCIUBUX TUI 1 pIBHUX KOpeHIB (2), BpaxOBYIOUH
rpaandHi yMoBH (3) — (7), mpeacTaBUMO y BUTIISAII

3(;) =—Cy ia_j[t]() (o) + J1(@) Yo(ak’”)J<akl1 (I+ m1)<EkSh(0‘kZ1) + Ch(akzl))+
k=t Vi Y (eyr) )

+vla+m»(ﬂkshmkzl)—%chmkzﬁbﬂ,
V) m,
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© 2
0 c442“k[Jo () +"1(“’f”n(akr>j<ak (+m, )(Ekshmkzn +eh(ayz)+v,z, (Mkchmkzo -

k=1 My Y (1)
M) G Y AL
v (14+my) sh(a, 1)jJ+V1(1+mz)[MkSh(ak 1) v (14+my) h(ex, )j>
m_1 Ji(a,r) _ 7 o (1+m) B
U; V1< & +Zak(‘] (ar)+ Y.(a, )Y (ak”)J<(l mz)(MkSh(akzl) v (14+m,) Ch(akzl)]
“"’"l( kshwkzl)+ch<akz1)+vlzl(M shia,z 1>—Mch<aka>n>ﬂ>,
12 (1+m,)

k=1 & r vi(1+m,)

Ul = i a, [JO (a,r)+ %’J))YO (akr)J<(]\7kch(akzl) - Msh(ockz1 )j +
v vi(1+m,)

+ ﬂ(E,(ch(ozkz, )+sh(a,z,)+ vz, [Mksh(akzl) —Mch(akzl)JDFk

Hanpysxeno-ngepopmMoBanuil cTaH y MONEPEAHBO HAIMPYKEHOMY MIBIPOCTOpI st
PIBHUX KOpEHiB, 3 BpaxyBaHHsM (3) — (7) ta z, =0, npeacraBumo y Burisni [12]:

F
P = j Fapdyaxdn, U =~ [2D ) i, v = j 2D 1, ryan. 10y
R, R 0)2 o 77 n
ne, w;=c,li(+m)(s—sy), o,=v(m(s— 52))71 , oy=85-1, s= Solzll_l s
s, = my(my) ", s, =1+ m)w((1+m)n) ", F(n)— HEBIZOMa dyHKILs,

D,,.,C,,l,l,,m,m,,s, BuU3HauaoThCA 3 [4].

BuxopucTtoBytoun po3B’si30Kk A mTammna (8) Ta 3aJ0BONBHSIOUM APYTid yMOBi (3),
IpyTiii yMOBi (6), 3HaX0MUMO BiacHi 3HadeHHs 3anadi (3) — (7) mis n; = ny:

R
ak:Hk 2

()Y (e R R = Y (), (e Ry R = 0).

Takosk, 3aJOBOJBHUBIIM TEPITy YMOBY (4), BU3BHaUYMMO HeBigoMy GYyHKII0 F(1) ans
(10) 3 moTpiHUX 1HTETPATbHUX PiBHSIHB:

[F)Jymr)dn=0 (R, <r<w),
0

Jomrydn=7(r) (R <r<R,), (11)

0
[F)Jymr)dn=0 (0<r<R),
0

e f(r)= “’—{en +iaZ[Jo(akr) +Mm<akr>J(w—ml JF} -
n k=1

1 Yl(akr) (1+m2)
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Cnuparourich Ha Buknaaku [10, 12], inrerpansHi piBHgaHHA (11) 3BoAMMO 10 OAHOTO,
BUKOPUCTOBYIOUM po3puBHY QyHKuito [10, 12]. A F(n) 6yaemo mrykaru y Burasiai [10]:

F() =Ry > Wy (0.50(Ry — R)) 3y (0.51(Ry + R) (12)

n=0

e W», — HeB1AOMI KOHCTAHTH.
[MTincraBumo (12) y (11), orpuMaemo oHe iHTETrpaabHe PiBHAHHS

> Wau [ 12, (0.50(R, = R))J, (0.50(Ry + R)Wo (r)dn = £ (7). (13)
n=0 0
OmnyctuBmm  neski  meperBopeHHs [12] Ta mpoidterpyBaBmu (13) 1o 7,
3a/10BOJIBHUBIIY NP I[bOMY APYTY TPAaHUUYHY YMOBY (4), OIEpKUMO:

Ry

Z W I o (0.5N(R, = Ry))J 5, (0.5M(R, + R ))I o (Wer)Jo(nr)drdn =
n=0 0 R,

Cu(R—-R)EG 5 J,(a,R)
- CaRmRIS S 2 (6 (o) + LR 6 ) I 14
o, L L Ol G, (8, Y.(@,R) y (> 1) |F (14)

R, R,
5e G, (o 11,) = [ 11t M o (ur)r, Gy, )= [ 1]y (ut,r Wy (yr)ar
R Ry

Jliis Bu3HaueHHs cranux Fj, Wi (i=0,1,2,...), ki Bxomate a0 (9) — (11), orpumaemo
HECKIHYEHHY CHCTEeMY JIHIMHUX anreOpaidHUX piBHSHB, IO CKiaaaeTscs 13 (14) ta (13).
[licns BU3HAYEHHS SKUX, OOYMCIIOEMO TEPEMILICHHS Ta HANPYXEHHS SK y TPYKHOMY
KUTBIIEBOMY IITaMIIi, TaK 1 y MPYKHOMY MIBIPOCTOPI 3 MOYATKOBUMHU HAIMPY>KEHHSMHU 3a
dopmynamu (9) — (10). B pesymnbraTi, po3B’SI30K OTPUMYEMO Y BHIIISAI PAIIB dYepe3
HECKIHUEHHY CHUCTeMY KOHCTaHT, L0 BH3HAUYAIOThCS METOAOM pEeayKuLii i3 HECKIHYE€HHOi
CHCTEMHU JIIHIHHHUX anreOpaiyHuX PiBHSIHb.

s anpobaii qocmimkeHHs: OyJio MPOBEAEHI YHUCIOBI PO3PAaXyYHKH Ui MOTEHIIATy

BapreneBa-Xa3zaHOBMYa TIpM  HACTYNHHX  3HAYeHHAX  mapameTpiB: R, =2-107wm,
R,=3-10"mM, &=10", E=8-10"MIla, 4,=0.7;0.80.9;1;1.1;12, ne R<r<R.
ANTOpUTM PO3B’S3KY peaii30BaHO y BHIIIAI porpaMu y naketi Maple 15.

1 o

- 1
33 _ - UU)
P 0.7+ 8‘R".’ ’
0.2+
0.6+
05+ st {4
0.4+
0.4+
034
02+
0.2
0.1+
T T T T T T T T T o T T T T al
g1 0z 03 04 05 06 07 08 089 1) 0z 0.4 04 0z 1
P P
Puc. 1. KonTakTHi HAaNIpy:KeHHS 11 Puc. 2. KonTakTHi nepeminieHus 1Js
notenuiany bapreneBa-Xazanosuua norenuiany bapreneBa-Xazanosuua
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Ha puc. 1, 2 y 6e3po3MipHUX KOOpJAMHATAX MPEICTaBICHI PO3MOJILIM HOPMAIHLHOIO

KOHTaKTHOTo Hampysxkenns P~'Q\) Ta nepemimenns —(&R,)'UY nin kinbuesum mrammnom

Ha MeXi KOHTakTy. [IyHKTHpHa KpWBa BIAIMOBia€ MBIPOCTOPY O€3 MOYATKOBHX HAIPYKECHb
(A1=1), a cy1minbpHa — 3 MTOYaTKOBUMH HAIPY>KEHHSIMHU.

BucHoBku

OTxe, BpaxoBYIOUM NPOBEIEHE MAaTeMaTHYHE MOJETIOBAaHHA Ta JOCIHIHKEHHS
IpoIleCy KOHTAKTHOI B3a€MO/Ii1 MPY>KHOTO KiJBIIEBOTO IITAMITA Ha MIiBIPOCTIP 3 MOYATKOBUMHU
Hanpy>KeHHsIMH, OyB BMSABICHHHA JOCTAaTHBO CYTTEBMM BIUIMB IMOYAaTKOBHUX HANpPY>KEHb Ha
KOHTaKTHI XapaKTePUCTHUKU PO3MOALTY 3ycwib. llpudoMmy, y BHIAAKY BiJICYTHOCTI
MOYaTKOBUX HampykeHb (A;=1) rpadiku po3noaisiB KOHTAKTHUX HAMpPY’KEeHb Ta MepeMillleHb
BIJIMOBIZIAIOTh BIZJJOMUM paHillle pO3B’s3KaM 3ajadi MpO THCK KiJBIIEBOTO INTaMIla Ha
niBopoctip [6]. ToMmy, oTpuMaHi pe3ynbTaTH 3 YypaxXyBaHHSM IONEPEIHbO HANPY>KEHOTO
CTaHy TpW KOHTAaKTHIA B3aeMOJil TUT MOXYTh OyTH BHUKOPUCTaHI ISl PEryJIOBaHHS
KOHTaKTHUX HaIpy>XeHb 1 MepeMillleHb MPH po3paxyHKax KOHCTPYKIIM Ha MILHICTh, IO
0e3rnocepeIHbO BILTUBATHME Ha iX €eKOHOMIYHY CKJIaJIOBY.
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