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TepHOMNBCHKIIA HATIOHATTBHIM €KOHOMIYHUH YHIBEPCUTET

MOJIEJTIOBAHHSI JUHAMIUHHUX MPOIECIB METOJIOM I'IBPUIHOI'O
IHTET'PAJIBHOTI'O IIEPETBOPEHHS TUITY BECCEJISI-EMJIEPA-BECCEJISI HA
IOJISIPHIN OCI

Ha cyuacnomy emani Haykogo-mexHiuHo2o npozpecy, 0CoOIUBO Y 38 'SA3KY 3 WUPOKUM
BUKOPUCTAHHAM KOMNO3UMHUX Mamepianie, iCHye HazalbHa nompeba y 6ue4enHi Qizuxo-
MEeXHIYHUX XAPAKMEepUCmuK makux Mmamepianie, wo 3HAX00IMbCs 6 pISHUX YMO08ax
ekcnayamayii, wo MamemMamuyHo Npu3eo0ums 00 3a0adi po38 sA3Y6AHHSA Cenapamuoi
cucmemu oughepenyiaibHUx pigHsAHbL 0pPy2020 NOPAOKY HA KYCKOB0-0OHOPIOHOMY IHMep8ai 3
BIONOBIOHUMU NOYAMKOBUMU MA KPAUOBUMU YMOBAMU, 30KpeMd, 3a0aya OUHAMIKU
MamemamuyHo npuzeooums 00 noo6y008u po3e a3Ky cenapamuoi cucmemu oughepenyianbHux
Pi6HANb 3 YACMUHHUMU NOXIOHUMU 2INepOONIUHO20 MUny.

Oonum i3 eghexkmuenux memooie no6yo008u IHMeSPANLHUX 300PaAdNCEHb AHANIMUYHUX
PO38 ’A3Ki8 ANCOpUMMIYHO20 Xapakmepy 3a0ad Mamemamuyroi izuku € memoo 2iopuoHux
IHMe2panbHUX nepemeopenb.

Y yiu pobomi nobyoosano po3s’sa3ok 3a0ayi OUHAMIKU HA MPUCKIAO0GIU NOJAPHIU OCI
r>R,>0 3 06oma mMOYKAMU CHPAJICEHHS MemoooM 2iOpUoOH020  IHMe2panbHO20

nepemeopenns beccensa-Etinepa-beccens.

3adaua Ounamixu Ha MpPUCKIAO0GIN NOJAPHIL OCI MAMEMAMUYHO NPU3BOOUMb OO
no6y008u 0OMedHCeH020 PO38 A3K) Cenapamuoi cucmemu mpbox oughepeHyianbHux pieHAHb 3
YACMUHHUMU NOXIOHUMU 2INepOONiYH020 muny 3 GiONOBIOHUMU NOYAMKOBUMU YMOBAMU,
VYMOBAMU CHPSICEHHA Ma Kpauosumu ymosamu. 3acmocysasuiu 00 yiei Kpatiosoi 3adaui
eibpuone inmeepanvne nepemeopenns beccens-Eiinepa-beccens, ompumaemo 3adauy Kouwui.
3natimoswu po3e’azox 3adaui Kowi, mu 3acmoco8yemo 00 Hbo2o o0bepHene 2ibpuone
inmezpanvre nepemeopenns beccens-Eiinepa-beccens.

lIpsime inmeepanvue nepemeopennsi beccensa-Evnepa-beccensi ma nonsapuiu oci 3
080Ma MOUKAMU CAPAICEHHS 3ANUCYEMBCA Y 8UNA0L Mampuyi-paoka. Buxiona cucmema ma
NnO4YamKo8l yMO8U 3ANUCYIOMbC 8 MAMPUYHILL PopMi, | MU 3ACMOCOBYEMO ONEPANOPHY
Mampuyto-pa0oKk 00 3a0aHOi 3a0ayi 3a NPAGUIIOM MHONCEHHA mampuysb. B pezyiemami
ompumyemo 3aoady Kowi Ona 36uuaiinoco ougepenyianvnoeo pisHanua. (QbepHene
nepemeopenus beccens-Eiinepa-beccens 3anucyemocs y 6uensioi onepamopHoi mampuyi-
Cmosnys, i MU 3ACMOCOBYEMO 1020 00 noOy0o8anoco po3e’sasky szaoaui Kowi. Ilicns
30iliICHEeHHS NEeGHUX NePEMBOPEHb MU OMPUMYEMO EOUHULL PO38 A30K BUXIOHOT 3a0ai.

Ilobyoosani po36’sa3ku Kpauosux 3a0ay Mawomv aiecoOpumMmiyHull xapakmep, wo
00360/1€ BUKOPUCTNOBYBAMU IX AK ) MeOpemudHux OOCHIONCEHHAX, MAK [ 8 YUCIOBUX
PO3PAXYHKAX.

Knrouosi cnosa: eibpuonuil ougepenyianvHull onepamop, 3a0a4a OUHAMIKU; 2iopuoHe
iHme2panvHe nepemeopeHHs.

10.32782/KNTU2618-0340/2020.3.2-1.1
18



IIPUKITA/THI IITHTAHHA MATEMATHYHOI' O MOJETIOBAHHA T. 3, e 2.1, 2020

C.I'. BJIAXKEBCKHI1, O.M. JIEHIOK

YepHOBUIIKUHM HAIIMOHATBHBIN yHUBepcuTeT MeHu FO0pus deapkoBuya
O.M. HUKUTHUHA
UepHoBurkuii e Nel MaTeMaTnaecKoro ¥ SKOHOMHYECKOTO Tpoduiei

H.HU. IIMHKAPUK

TepHONONbCKUI HATMOHATIBHBIA YKOHOMUYECKUN YHUBEPCUTET

MOJEJTUPOBAHUE JUHAMMNYECKHUX ITPOLIECCOB METO10M
IT'MBPUIHOI'O UHTEI'PAJIBHOI'O ITIPEOBPA3OBAHMS TUIIA BECCEJISI-
YMJIEPA-BECCEJISI HA ITOJISIPHOM OCH

Ha cospemennom smane HAy4YHO-MEXHUUECKO20 Npocpeccd, OCODeHHO 8 C6A3U C
WUPOKUM  UCHONIb308AHUEM KOMUOUMHBIX MAMEPUAos, Cyuecmeyem HACmosmenbHas
nompebHoCms 68 U3VUeHUU QUIUKO-MEXHUYECKUX XAPAKMEepUCMuK makux Mamepuanos,
HAX0OAWUXCS 8 PA3TUYHBIX YCIOGUSX IKCHLYAmayuu, 4mo MamemMamudecKu npugooum K
3a0aue peuleHus: cenapamuoll cucmemsvl Oup@epenyuanbblX ypasHeHull 8Mopo2o nopsaoKa
HA KYCOYHO-0OHOPOOHOM UHMeEp8ane ¢ COOMBEMCMBYIOWUMY HAYANbHBIMU U KpPAeGbLMU
YCOBUAMY, 8 HACIHOCMU, 3a0a¥a OUHAMUKU MAMeMAamuiecku npueooum K HOCMPOeHUIO
peulenus cenapamuou cucmemsl OUp@epeHyuanbHblX YPagHeHUll 8 YACTHbIX NPOU3800HbIX
eunepbonUuecKo2o0 munda.

Oonum  u3 2¢hghekmusHbIX Memooo8 NOCMPOEHUs UHMESPANbHLIX U300PANCEHUL
AHATUMUYECKUX peuleHUll aneOpUummuieckoeo XapaKxmepa 3a0aiy Mamemamuyeckou Qu3uKu
A67151eMCsi MemMoO UOPUOHBIX UHMESPANbHBIX NPE0OPA308aHUI.

B omoii pabome nocmpoeno peuwienue 3a0auu OUHAMUKU HA MPEXKOMNOHEHMHOU
noaaprou  ocu r>R,>0 ¢ O08yMA MOYKAMU CONPAJICEHUS MemOOOM 2UOPUOHO20

unmezpanibHo2o npeobpaszosarnus beccens-Oinepa-beccens.

3adaua ounamuku Ha MpexKkOMNOHEHMHOU NOJAPHOU OCU MAMEMAMUYECKU NPUEOOUM
K NOCMPOEHUIO 02PAHUYEHHO20 peuleHus cenapamHoll cucmemvl mpex ouggepenyuanrbHvlx
VPABHeHUll 6 YACMHLIX NPOU3BOOHLIX 2UNEPOOIUYECKO20 MUNA C COOMBEMCMEYIOWUMU
HA4anbHbIMU YCI08UAMU, YCIOBUAMU CONPANXCEHUS U Kpaesbimu ycaosusamu. [Ipumenus k smoti
Kpaegoll 3adaue 2ubpuonoe uHmezpaivHoe npeodpazosanue beccens-Oinepa-beccens,
nonyuum 3adavy Kowwu. Haiios pewenue 3aoauu Kowu, Mbl npumeHsem K HeMy obpamHoe
eubpuoHoe unmezpanvroe npeoobpasosanue beccens-Ounepa-beccens.

IIpsamoe unmeepanvroe npeobpaszosanue beccens-Dinepa-beccens na noaapHot ocu ¢
08YMsl MOYKAMU CONPANCEHUS. 3ANUCHIBACTNCA 8 8UOEe MAMPUYbl-CMpoKU. Mcxoonas cucmema
U HayYaIbHble YCI08US 3aNUCHIBAIOMCS 8 MAMPUYHOU (popme, U Mbl NpUMEHAEM ONepaAmopHyIO
Mampuyy-cmpoxy K 3a0aHHOU 3a0aye Nno Npaguiy YMHOMCeHUs mampuy. B pezyiemame
noayuaem 3adayy Kowu Onsi 00bikHOBeHHO20 Ouggepenyuanvroeo ypasnenus. Qbpamuoe
npeobpasosanue beccena-Oiinepa-beccens 3anucvigaemcs 6 ude onepamopHou Mampuywl-
cmonbya, u Mvl NpumMeHsem e20 K nocmpoeHHomy peweHuto 3adauu Kowwu. Ilocne
ocyujecmenenus OnpeoesieHHbIX Npeoopa3o8aHuli Mvl NOAYyYaemM eOUHCMEEHHOe peuleHue
UCXOOHOU 3a0aUu.

Ilocmpoennvie pewienus Kpaegvix 3a0ay UMeIOm Al2OPUMMUYECKULl Xapakmep, Ymo
N0360JI5lem UCNONb308AMb UX KAK 68 MeopemuyecKux UCCIe008aHUAX, MAK U 8 YUCI08bIX
pacuemax.

Knrouesvie cnosa: cubpuonviii oupgepenyuanvhviii onepamop, 3a0auva OUHAMUKU,
2ubpuoOHoe uHme2panvbHoe npeobpaszo8aHue.
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MODELING OF DYNAMIC PROCESSES BY THE METHOD OF HYBRID
INTEGRAL TRANSFORM OF BESSEL-EULER-BESSEL TYPE ON THE POLAR
AXIS

At the present stage of scientific and technological progress, especially in connection
with the widespread use of composite materials, there is an urgent need to study the physical
and technical characteristics of such materials that are in different operating conditions,
which mathematically leads to the problems of solving a separate system of differential
equations of the second order on a piecewise homogeneous interval with the corresponding
initial and boundary conditions, in particular, the dynamics problem mathematically leads to
the construction of a solution of a separate system of partial differential equations of
hyperbolic type.

One of the effective methods for constructing of integral representations of analytic
solutions of the algorithmic nature of the problems of mathematical physics is the method of
hybrid integral transforms.

In this paper we construct a solution of the dynamics problem on the three-component
polar axis r > R, >0 with two points of conjugation by the method of hybrid integral Bessel-

Euler-Bessel transform. The problem of dynamics on the three-component polar axis
mathematically leads to the construction of a limited solution of a separate system of three
partial differential equations of hyperbolic type with corresponding initial conditions,
conjugation conditions and boundary conditions. Applying to this boundary-value problem
the hybrid integral Bessel-Euler-Bessel transform, we obtain the Cauchy problem. Finding a
solution to the Cauchy problem, we apply to it the inverse hybrid integral Bessel-Euler-Bessel
transform.

A straight integral Bessel-Euler-Bessel transform on the polar axis with two points of
conjugation is written in the form of a matrix row. The output system and the initial
conditions are written in a matrix form and we apply the operator matrix row to the given
problem by the rule of multiplication of matrices. As a result we obtain the Cauchy problem
for the ordinary differential equation. The inverse Bessel-Euler-Bessel transform is written in
the form of an operator matrix column and we apply it to the constructed solution of the
Cauchy problem. After completing certain transformations, we obtain the unique solution of
the original problem.

The constructed solutions of boundary value problems have an algorithmic character,
which allows us to use them both in theoretical studies and in numerical calculations.

Keywords: hybrid differential operator; problem of dynamic; hybrid integral
transform.

ITocranoBka npodaemMu
Ha cyuacHomy eTamni HayKOBO-TEXHIYHOI'O ITPOTPECy, OCOOIUBO Y 3B A3KY 13 LIMPOKUM
3aCTOCYBAHHSIM KOMIIO3UTHUX MaTepiaiiB, BUHHKAE TOCTpa MoTpeda y BUBYEHHI (i3HKO-
TEXHIYHUX XapakTepUCTHK JaHUX MarepiajiiB, SKi 3HAXOIAThCS B PI3HUX YMOBax
eKCIuTyaTalii, [0 MaTeMaTHUYHO NPUBOJUTH A0 3a/ad IHTETPyBaHHs CEMapaTHOI CUCTEMHU
IuQepeHIiaTbHUX PIBHSAHb JIPYroro MOPsAKY Ha KyCKOBO-OAHOPITHOMY iHTEpBasi 3
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BIJTMIOBIJHMMH TIOYaTKOBHMH Ta KpaloBMMH yMoBamu [1-3], 30Kkpema 3amaua AMHAMIKH
MaTEeMaTHYHO TMPUBOIUTH JO TOOYIOBU pO3B’SA3KYy CEMapaTHOl CHCTEMU pIBHSIHb 3
YACTUHHUMH MOX1THUMH T1epOOIIYHOTO THITY.

AHaJi3 0OCTaHHIX JOCTITAKEHD i myOaikamii
OnHuM 13 eheKTUBHUX METOAIB MOOYIOBH IHTETPAJbHUX 300pa)KeHb aHATITHYHHUX
PO3B’SI3KIB aJTOPUMTIYHOTO XapaKTepy 3ajad MaTeMaTH4HOi (i3MKH € MeToi TiOpuIHuX
IHTerpaJIbHUX MepeTBOpeHb [1-6].
B [6] mobymoBano ribpuane interpansHe neperBopenHs (I'IIT), mopomxkene Ha
nomspHid oci 2R, >0 3 1nBomMa ToukamMM CHpSKEHHsS TiOpUIHMM OudepeHLiaTbHUM

oneparopoM (I'Z10) beccena-Eiinepa-beccens.

Merta nocaigKeHHs
IToGymyBaTn po3B’s130K 3a/1a4i JUHAMIKK Ha TPUCKIAJOBIH HomapHii oci ' 2R, >0 3

JIBOMa TOYKaMH CIIPSDKEHHS 33 JJOTTOMOTOIO TiOpHIHOTO IHTETpabHOTO MEPETBOPEHHS TUITY
beccensa-Eiinepa-beccens.

BukiageHHsi 0CHOBHOIO MaTepiajy A0CTiKeHHS

3amaya JWHAMIKA Ha TPUCKIAJOBOMY CETMEHTI MAaTEMaTHYHO MPHBOIUTEH [0
noOy0BU B 00JacTi

D, ={(t,r):t>0,rel, }, I, ={rire(R,,R)U(R,R,)U(R,,©);R, >0}

00MEXEHOTO PO3B’ 3Ky CHCTEMH PiBHSIHB TepOOIIYHOTO THITY

oy,
?+Y1u1 [Ul]—f(t r),re(R,.R),
o%u, -
e, +yﬂb—a2&%hb]:fzaJLre(RrRﬂ, (1)
Uy

o0 — 13Uy -8 B,,.a,[Us]= f5(t.r), r e (R;, ),

3 IOYaTKOBUMH YMOBaAMH

ou, :
u; (t,1)]io = 9;(r), a—tj|t:0:(pj(r), re(R1,R;), j=13, Ry=o, )

YMOBaMH CIIPSIKCHHS

0 0 .
|:(a:(la+ﬂlkljuk _(a;f25+ﬂj!<2)uk+lj| r=R, — O! J! k :1’ 2! (3)
Ta KpalilOBUMH YMOBaMH
o*u
ﬁﬁlg‘H%JUHrR 0, lim—2>=0, k=01, 4)
r—w OF
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Tyt Oepyts ywacts mubepeHmianbHuii omepatop beccens B, , Ta mupepenmianbuuii

onepatop Eiinepa npyroro nopsiaky B, [6].
Ha xoedimienTn, mo OepyTh ydacTh B IIOCTAHOBII 3ajadi, HAKJIAJAIOTHCS TIEBHI
IPUPOIHI YMOBU OOMEKEHHS [6)].

B [6] moOymoBano upsime H i oOepHeHe H(_Vl,a) riOpuaHe iHTErpajbHe

(v,a)

. + . .
NEPETBOPEHHS, TIOPOKEHE HAa MHOXHHI |, TiOpuaHuM nupepeniiatbHuM onepaTopoM

M (.0 = O(r=Rp)B(R, —)aj By, o, +0(r=R)O(R, - ra; Bj;s +0(r—R,)aj B, :
HwopLO(N1= [9(V,, o (r.B)o(r)dr =G(B), (5)
Ro
H ey [GB)]= [ GBVy o (1,82, o) (BYAB = 9 (1), (6)
0
Ta BHBEJICHA OCHOBHa TOTOXHICTh IHTETPAJbHOTO MEPETBOPEHHS T1OpPUAHOTO

nudepeHiiaapHoro oneparopa M (via) -

3
Hivo M (v.o) [9(N11=-B*a(B) - Zkizgi B) + (_agl)_lv(v,a);l(Ro ’B)alzﬁlealﬂgo +
i=1

2
+2 dy [Z(kv,a);lz (B)ooyy — Z(kv,(x);22 (B 1 (7)
k=1

Tyt 6(x) — onuanyna Gyukiis ['eBicaiina, crieKTpaabHa BEKTOP-PYHKILis

3
V(v,a) (r,p) = Z@(r -R1)O(R, - I’)V(V]a);k (r.B), Ry=oo,
k=1

BaroBa (yHKIIis
_ 2a0+1 2a3-1 20, +1
o(r)=0(r-R,)6(R, —r)o,r +0(r-R;)O(R, —1)o,r +0(r—R,)o,r

Ta CIEKTpalbHA IITBHICTh

019 B =B ([ s (0] + [0, D)

a TaKOXX 1HII BEJTMYMHM Ta QYyHKLIi, BUMKCaHi B [6].

3HaiiieMO iHTerpaibHe 300pa)KEHHS AaHAIITHYHOrO po3B’s3ky 3amadi (1) — (4)
METOJIOM TIOpHIHOTO 1HTerpanbHOro mneperBopeHHs Tuny beccens-Eitnepa-beccens Ha
TPUCKJIAZOBI MNOJAPHIM oci r>R, >0 3 JBOMa TOYKAMH CIPSKEHHSA, 3alpOBaKEHOTO
npasuiamu (5) — (7).

3anumemo cucteMy (1) Ta mouaTkoBi yMOBH (2) y MaTpu4Hii popmi:
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, _
5[_2+y]2. _aval,aljul(t’r) fl(t!r)
2 *
gt—2+y§—a§Ba3ju2(t,r) =| f,t0) |,
2
a_2+y§ —a§BV2,a2)u3(t, | \fa(tr)
L\ ot |
uy (t,T) g,(r) 5 uy (t, r) (1)
uz(t'r) = gz(r) | E Uz(t,l’) = (oz(r) . (8)
u(t,r) Jt =0 {g,(r) u(t,r) Jt =0 {gy(r)

[aTerpansHuii  omeparop H(V’a) 3rimHo  mpaBwia (5) 300pasumMo 'y BHIIISAL

OIIepPaTOPHOI MaTPULII-psi/IKA:

R, R,
2 1 202—1
Hoyol-1= J....V(Vla);l(r,B)clr “tdr J'...V(V’a);z(r,ﬁ)czr *37dr
Ro Ry
N 2 1
Vs ar | 0
R,

3acTOCYyeMO ONEPATOPHY MaTPULIIO-PsIIOK (9) 3a MpaBWIIOM MHOXKEHHS MaTpUllb A0
3anadi (8). BHacmimok ocHOBHOT TOTOXXHOCTI (7) oTpumyeMo 3anauy Kormri:

2 Ry
(%+sza(t,[3)+(kf +vf) j Uy (6,7 W,y o (T B) 0,20 dr +

Ro

Ry
20471
+(k22 +y§) I Uy (, 1)V, g2 (1B o, r %3 dr +
Ry

+ (k§ +y§) I Uy (8, r)V(Vla);B(r,B)c3r2°‘2+1dr = f (t,B),
Ry

QB o= ), 9] o=

[Ipunyctumo, 1o max{;/lz ; ;/22 ; 7/3? }z 7/12 . IToxnagemo Bcrogu k12 =0, k22 = ;/12 - 7/22 >0,
k§ = ylz - 7/3? >0. Onepxyemo 3anauy Kori:

(%H;z +yf)ﬁ(t,ﬁ)= f(t.p)

o= 68, Sali0=(B).

(10)
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Besmocepentbo mepeBipsaeThes, mo po3s’sa3koM 3aaaqi Ko (10) e dynkiis [8]
d siny B +vyit

siny B% +yit siny B +y2 (t—1) F (e Byde.

N . ; (t
U(t,p) =—F—0B) +; a)+
VBZ+77 dt /g2 442 g VB? +v5
(11)

[arerpanbuuii oneparop H (_Vl o) 3rigHo npasuia (6), sk odepHeHwui 10 (9), 306pazumo
y BUTJIS1 ONIEPATOPHOT MaTPHUILII-CTOBIILIS:

..V(Vla);l(r,B)Q(vla) (B)dB

My (1B oy BB |- (12)

I
<L
£
| |
|
1l
Ot 8 O—8 O——3§

..V(Vla);3(r,[3)Q(V,a) (B)dB

3acTOCyBaBIIM ONEPATOPHY MaTpuIlfo-cToBIenb (12) 3a mpaBWIOM MHOKEHHS
MaTpHUIIb J0 MaTpPHUIli-eJIeMEeHTa

[act.p)].

ne dynxuis U(t,B) Busnauena popmysioro (11), omepikyemo eauHuit O3B’ I30K rinepOosiuHoi
3amaui (1) — (4):

t Ry
”J(t’r):IIH(v,a);jl(t—f’r’P)[fl(f,p)+<p1(p)8+(r)]clr2°‘1+1dpdr+
0R,
i 2053-1
I_[H(v,a);jz(t—T,F,P)[fg(T,P)+(P2(p)8+(r)]c52r 3 lgpdr+
OR

t o
[ [ Hey s =T 1) [ F3(1.0) + 05(p)3, (1)]ogr**2dpdt +

0R,
R R
2] B PG 052 By I Gl ™
ot I et hPISIPIOL P+t ) Hivayiz (61:P)92 (P)op N
Rog R
0 T 205 +1
+ERIH(v,a);js(t,f,p)gg(p)cgr 2dp )

2

VY piBHOCTSX (13) OCepyTh yd4acTh TOPOJKEHI HEOMHOPIMHICTIO CUCTEMH (QYHKIIT
BIUIUBY:
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Hew oy (L19) = I%\/ LN DV (I B9, k=123
+y1

I[Ipu wpomy &, (t) — nempra-dynkuis [ipaka, 3ocepemxena B Touui t=0+. Bona
BUKOPHCTOBYEThCS B piBHOCTI (13) /U1 ckopoueHHs 3amucy 1 0O3Havae, 1o moTpidHo Opatu
3HA4YCHHS BIAMOBIAHOT QyHKIIT B TOUIN 0.

(v

3aysasicennsn. Ilpu max{yf;;/zz;yf}: 72, ka =y —7/1-2 >0, ]=123m=23, iy
dopmyai (14) Bupas (B2 + yf) MiHsteTbes Ha Bupas (B2 + yﬁq)

BucHoBku
[MobynoBanuii po3B’si3ok (13) rimepOomiynoi 3amaui (1)—(4) mae anropuTMiuyHU
XapakTep, 0 JT03BOJISIE BUKOPUCTOBYBATH HOTO SIK B TEOPETUYHUX JOCIHIDKEHHSX, TaK 1 B
YHUCIIOBUX PO3PaXyHKaX.
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