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CHUHI'YJIAPHI IHTEI'PAJIN B AKCIAJIBHO-CUMETPUYHHUX
3AJTAYAX TEOPII HOTEHIIAJTY

Y naseoenomy oocniosxcenni npoananizos8ami icHyoui nioxoou 00 po38 sa3aHHs AKCIAIbHO-
cuMempuyHoi 3a0ayi meopii nomenyiany ma HageoeHi 1 006e0eHi 61ACHI aneopummu i cxemu. V'
KYCKOBO-NLIHIUHOMY  HAONUNCEHHI NPOAHANI308AHI  CUHYNAPHI  IHmMe2paiu ma OmpuUMaui
K8AOpamypHi popmynu O0Jis iX NpocpamHo20 p0o38 A3aHHsA, WO BUHUKAIOMb NI0 YAC OOYUCIEeHHs
Koeghiyienmie mampuyi cucmemu JIHIUHUX aneeOpaidHux pieHsAHb. 30Kpema, iHmezpaiu 3
J02apumiuno 0cobausicmoo Oyau NOPIGHAHI 3 ICHYIOUUMU AHATIMUYHUMU GUPA3AMU O
OeaKux QyHKYil, a 3aeanvHa cxema O CUHSYIAPHO2O [HmMezpana Oyna npomecmosama Ha
npuxnadi nogepxnegozo inmezpana I aycca 3 (ikco8aHow mouKkow Ha NOGEPXHI.

Kniouosi cnosa: inmeepanvui pieHanHA, CUHSYAAPHI IHMe2pAIU, meopis NpPYHCHOCHI,
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CUHI'YJIAPHBIE HHTET'PAJIBI B OCECUMMETPHUYHbBIX
3AJAYAX TEOPUU ITOTEHILHUAJIA

B npusedennom uccredosanuu npoananuzuposanvl cyujecmsyrouue no0xXoovl K peueHuro
0CecUMMempPU4HOLL 3a0a4y meopuu NOMEeHYUaId, MaKxice NPUBeoeHvl U O0KA3aAHbl COOCMEEHHble
aneopummuvl U cxemuvl. B KyCOUHO-TUHEUHOM NPUOIUNCEHUU NPOAHATUSUPOBAHBL CUHRYAPHLIE
uHmezpanvl U NOJYYeHvl K8AopamypHle opmynvl Oisl UX NPOSPAMMHOU peanru3ayuu, Komopbvie
B03HUKAIOM NPU BLIYUCTECHUU KOIDODUYUEHMO8 MamPuybl CUCTNeMbl TUHEUHbIX alleeOpauiecKux
ypasnenui. Humeepanvl ¢ nocapugpmuueckou  ocobeHHOCmblO  ObLIU  CPABHEHbI  C
AHAIUMUYECKUMU BbIPANCEHUAMU O/l HEKOMOPBIX (YHKYULL, a 00was cxema O/ CUHSYISPHO20
unmezpana Ovlia NPOMeCMuposana Ha npumepe nogepxHocmuozo umumezpanra Ilaycca c
@uKCUpo8anHoll MOUKOI0 HA NOBEPXHOCMIU.
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ynpy2ocmu, SITURMUYECKUe UHMeSpaibl.

A.O. KARAIEV
V.N. Karazin Kharkiv National University

E.A. STRELNIKOVA
V.N. Karazin Kharkiv National University
The A.N. Podgorny Institute for Mechanical Engineering Problems of the NAS of Ukraine

10



IIPUKJIA/THI ITHNTAHHA OYHIIAMEHTA/IBHI HAYKH
MATEMATHYHOI' O MOAE/IIOBAHHA, Nel, 2018p.

SINGULAR INTEGRALS IN AXISYMMETRIC TASKS OF POTENTIAL THEORY

Axisymmetric structures are widely used in the chemical and aerospace industries,
logistics, power engineering and other engineering sectors. Usually these structures and their
components work at high loads, interact with moving fluids and are exposed to high
temperatures. Therefore, the main tasks are assessment of critical loads, identification and
separation of hazardous resonance frequencies, and prediction of a reliable safety forecast for
equipment operation. Experimental research in this area is financially costly, complex and
sometimes impossible for a number of reasons. That is why the methods of mathematical and
computer modeling are the most effective engineering tools for assessing the strength
characteristics of existing and projected objects. The calculation of elements of a matrix of a
system of linear algebraic equations does not cause difficulties, since the integral functions are
continuous and for them it is possible to use standard Gaussian quadratures. However, in the
case where the collocation point coincides with the boundary element on which the integration
occurs, the argument of the complete elliptic integral becomes at the point of collocation equal
to one, so the calculated integral becomes an improper integral of the second kind. It is
necessary to investigate its convergence and develop quadrature formulas for its calculation. In
the above study, the existing approaches to solving the axisymmetric problem of the theory of
potential are analyzed and their own algorithms and schemes are presented and proved. In the
piecewise linear approximation, singular integrals are analyzed and quadrature formulas are
obtained for their program realization that arise when calculating the matrix coefficients of a
system of linear algebraic equations. Integrals with a logarithmic singularity were compared
with analytic expressions for some functions, and the general scheme for the singular integral
was tested using the surface Gaussian integral with a fixed point on the surface.

Keywords: integral equations, singular integrals, theory of elasticity, elliptic integrals.

IHocTanoBka nmpodJiemu

AKcClabHO-CUMETPUYHI ~ CTPYKTYpPH IIMPOKO 3aCTOCOBYIOTBCS Yy  XIMIYHIA Ta
ACPOKOCMIYHIM MPOMHCIOBOCTI, JOTICTHII, EHEPreTUIll Ta IHIIMX IHXEHEPHUX Tay3sX.
3a3BuuUail mi CTPYKTypM Ta IX KOMIIOHEHTH IMIPALIOIOTh TIPU BEIUKUX HABAHTAXXCHHSX,
B3a€MOJIIIOTH 3 PIMHAMHU, 110 PyXalOThCsS Ta NepedyBatoTh Mij Ji€l0 BUCOKUX Temrepartyp. Tomy
OCHOBHHUMH 3aJjayaMH € OIlIHKa KPUTUYHUX HABaHTAXCHb, IMCHTU(IKAIIS Ta BiIIUICHHS
HeOe3MeYHNX PEe30HAHCHHUX YacToT 1 mepeAadadeHHs] HaAliiHOTO MPOTHO3y Oe3MeKH eKCIlTyaTarii
o0aHaHHS.

AHaJi3 nonepeaHix A0CTiIKeHb i myOaikamin

ExcniepumeHTanbHi JOCTIKEHHS y LIl cdepi € piHaHCOBO 3aTpaTHUMHM, CKIaTHUMH Ta
1HOJ1 HaBiTh HEMOXJIMBUMHU 4Yepe3 HM3Ky npuuumH. Came TOMYy METOAM MaTeMAaTU4YHOIo Ta
KOMIT TOTEPHOTO MOJICITIOBaHHS € HAWOILIbII e()eKTUBHUMH 1H)KCHEPHUMU 3aC00aMU ISl OI[IHKA
MIIHICHHX XapaKTEPUCTUK ICHYIOYMX 00 €KTIB Ta THX, IO TIJIBKH MPOEKTYIOThes [1, 3—6].

['paHnyHe iHTErpasbHE PIBHIHHS B TEOPii MOTEHIIATY Mae HACTYHUH BUIs [1]:

C(E)u(@)+ [u(P)a’(,)ds(r) = [a(F)u"(£,F)ds(7), (1)

ge u(&) — mykasa Benmumna, ((F) — ii HopMambHa moximma, U (E,F)— dymkuis Ipina,
q (&,F) — HOpMaibHa MoXiaHa Bix GyHKii I'pisa.
OyHkiis ['pina B Teopii moTeHmiany — I1e HacTyITHa BeJIMYUHA:
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uEn) :\%% @
Bupas nns ii HopManbHOT MOX1IHOT:
e o 1 1 1 =
)= = AV F 3
) on|g -l nv\f—r\ E-rf s0é-r) <

CkopucraeMocsi akciaJbHOIO CHMETpi€l0 3ajadi, TOOTO IyKaHa BeJIMYMHA Ta i
HOpMaJIbHa TOXiJHAa HE 3aJIeKHUTH BiJl KyTOBOI 3MiHHOI. Big KyTOBOi 3MIHHOI 3alie)KaTh JIMIIE
KoMrnoHeHTH (yHKuii ['piHa Ta ii HOpManbHOI MOX1JHOI, TOMY IHTETpYBaHHS 3a KyTOM MO>KHA
IPOBECTH OJ[pazy:

SN “(E 4K(m)

0" (&.F)=Ju (&) - =, @
° ey (0O + By -a(r)

L 20 9

§(E.F)= [q'€E Pdp= ____.
| pEW(o@)+ p(®)f +(2(2) - 2())

[ 22@) -0 )+ (@) - 2] E(m)— K |+ -

(p@) - p()f +(2(&) - 2(r)f

20Me@)-20) g
(p@) - p(O)) +(2(&)-2(r)f

+

- 4p(25)p(F) 2
(p(E) + p(1)] + (2(B) - (7))

— apryMEHT eJINTUYHOTO 1IHTErpasa Mepiioro poiy.

HactynauM kKpokoMm € mporeaypa nuckperusanii. ['panuns Tia po30UBa€eThCs HAa TIEBHY
KIJIBKICTh TPAHUYHUX €JIEMEHTIB, HAa KO)KHOMY 3 SIKMX OOMPAEThCA TOUKa KOJoKalii. J{i1s KosKHOT
TOYKHM KOJIOKAallli 3aCTOCOBYETHCSI TPAHUYHE IHTErpajbHE pIBHSAHHS, B PE3yJIbTaTI 4Or0 MU
OTPUMYEMO CHCTEMY JIHIMHUX anreOpaidyHUX piBHAHb. PO3B’s3yl0uM 10 CUCTEMY, MU
3HAXOJIMMO BC1 HEB1JIOMi BEJIMUYMHU HA TPAHHIII.

BukiaaeHHs1 0CHOBHOI0 MaTepiary J0CTi>KeHHS
JliaroHaJibHi eJleMeHTH MaTPULi CHCTeMH JIiHIHHNX ajaredpaiyHuX PpiBHAHb

OOumcneHHs eeMEeHTIB MaTpHIll CUCTEMH JIIHIHHUX anreOpaidyHuX piBHAHb HE BUKIIMKAE
TPYAHOILIB, TOMY IO IMiJiHTETpaibHi (QYHKIOII € HemepepBHUMH 1 [UII HHUX MOXHA
BUKOPUCTOBYBAaTH CTaHJApTHI rayccoBl kBaapaTypu. OJHAK y BUNAJAKY, KOJM TOYKAa KOJOKALi
CHIBIAJa€ 3 TPAHUYHHUM E€JIEMEHTOM, Ha SIKOMY BIIOYBA€ThCS IHTETPYBAaHHS, apIYMEHT MOBHOTO
eMNTUYHOTO IHTErpajia CcTa€ B TOYIl KOJOKAIii pIBHUM OJUHUII, TOMY IHTErpai, IIo
OOYMCIIIOETBCSA, CTa€ HEBJIACHUM IHTErpajioM japyroro poxay. HeoOxigHo pocmiautu ioro
30DKHICTB Ta pO3pOOUTH KBaApaTypHi GOpMyYIH A7 HOro OOYUCIICHHS.

Mu KOpUCTYEMOCS KyCKOBO-JIIHIHHMM HaOJIMKECHHSAM, TOOTO TpPaHWYHI EJIEMEHTH €
Bigpiskamu mnpsMux. JliHilfiHa 3aleXKHICTh TPAHUYHOTO €NeMEHTa 3aJaeTbes (HOPMYIIOI0
z=k(p—pp)+12p, me (Pp,Zp) — KOOPOAMHATH TOYKH KoJOKamii. Toai HecKiHYeHHO Mauii
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eJleMeHT KOHTypy Mae HacTynuuil Burnsan: d/” =+/1+k*dp . Bektop HopMmai pecTaBIseThes

. .. ~ 1
yepe3 KyTOBUM KOE(IIEHT HACTyMHUM YHHOM. N = \/_2
1+k

,Z[iaFOHaJ'IBHi CJICMCHTH BU3HAYAalOTHCA HACTYITHUMU iHTCI‘paJ'IaMI/II

(k,~1). YV TakoMy BHIAAKY

/—1+k2”B 4K (m) p,
p{x/(pp +p) +k*(pp - p) ©)

e | 2n, (E(m) - K(m))

oo + ) +K2 (05 — pf

ne Toukn A ta B — rpanwmii Bigpi3zka iHTETpyBaHHS.
Po3kJ1agaHHs IOBHOTO eJTiNTHYHOTO iHTErpaJia nepumoro poay
VY BUMaaKy HaOJIMKCHHS apryMEHTY O OJMHHMII MOBHUH €IMINTUYHUH 1HTETpaj MepIoro
poay Moxe OyTH MPEICTABICHUIA Y BUTJISIII HECKIHUCHHOT cymu [2]:

2 2
K(m):lni+(1 (Ini—ijm'% ﬁj Ini—i—ijm"#
m' (2 m 1.2 2-4 m 1.2 3.4

135V, 4 2 2 2\ .
+|—||IN———— - m*+
2.4.6 m 1.2 3.4 5.6

e m'? =1—m?— gomatkoBuii MOJIyYJb €TINTUYHOTO 1HTETpaa.

(7)

3rpynyBaBLId CyMH, OTPUMAEMO KOMITAKTHUM BUJI PO3KJIAICHHS:

K(m)——ln—K(m) Z[ (2n- ”j '“[w(nﬂ) z//(mm (8)

OctanHs cyma Moke OyTH OOuYMCII€HAa BHUKOPHCTOBYIOYHM IHTETpajiy 3 JOrapu(pMIdHOO
Baroo:

= 2I’] 1)' .2n ( jj_ 1 1
1 =— In—=dx. 9
nz;'( (2n)! j ( (N D-y(ne '[\/(1 m” x?)(1-x%) " ©

OTpuMyeMO eKBIBaJICHTHUH BUJI pO3KJIalaHHS:

1
K(m)=3|niK(m')+ij ! InLax. (10)
T m 7o d-m?x?)1-x?) X
3 po3kiIamaHHA BUIAHO, IO TNpU HAOIMIKEHHI apryMEHTy [0 OJWHHIN €JUHOIO
CHHTYJISIPHOIO (DYHKLIEIO € JTOrapuQM.
OO0unc/IeHHS] CHHTYJISIPHUMX iHTerpaJiB
VY po3aisi BUIlle MU OTPUMAJIHM PO3KJIAJaHHS IMOBHOTO ENINTHYHOTO 1HTErpaja Mmepuioro
pony 3a cremeHsMd M' . B TakoMy BUNAAKy 3py4YHO MEPEHTH B IHTErpyBaHHI BiJ 3MIHHOI p 10

m.
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P0316’eMo iHTErpamy TOUYKOK KOJIOKAITii:

[ £ (pe KMot = [ T (00, IK(M)pdp+ | T (00, pIK (M)l (11)

Pa Pa Pp

[Tepexin Big 3MiHHOT o 10 M' BU3HAYAETHCSA (POPMYIIOIO:

(\/1+ k’(1-m?) + m')Z

PP ) 2
dp =2 gm= 12, (V“ K@-m?) £ m')z dm’ (13)
dm’ "k -m2f 1k a-m?)

Mu oTpuManu aBa KOpPEHi, OCKUIBKM TOYKH 3 OJJHAKOBHM 3HAUYEHHSIM M' BiAIOBITArOTH
PI3HUM PO3TAlTyBaHHIM BIIHOCHO TOUKH KOJIOKAIIi1.
Toni cunrynsapuwmii inTerpan (11) cipomryerbes:

[ (pp, p)K (M) pdp =

J

" m' m' (14)
= [(f (oMYA M)+ T (o, (MPA. (MK (M) + [ £ (p_ (')A (K ()’

m's

@ynkmii A (m')ta A (M) BU3HAYAIOTHCS HACTYITHUMH CIiBBiIHOLICHHSIMH:

A (m) = 2p§(1/1+ kz(l—m'z)—m')A

) L+ k2 Pa-m?f 1+ k2 (1-m?) 15)
A (M) = 2p§(«/l+ kz(l—m'2)+m')4

' L+ K fPa-m?f 1+ k2 @-m?)

3 piBasaHA (14) nume mnepmui  iHTErpad Mae OocCOOHMBICTh. 3poOMMO  3aMiHy
f(p. (M)A (M) + f(p (M)A (m')=B(m') ma cupormenns. Bukopucraemo orpumane Hamu

BUIIIE PO3KJIaJaHHA MOBHOTO EIINTHYHOTO 1HTETpajia Mepuioro poay:

TaemKmym =2 sykmyn s 2] 1wt B g0 g
0 T m 72'0

0 \/1—)(2 X 0 \/:I.—mI2 X2

VY mepmiomy iHTerpaji mpoBeneMO JTiHIWHY 3aMiHy, I[00 MPOBOAWTH IHTETPYyBaHHA Ha
npomixky [0,1] :
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m'B

J. B(m')K(m')Inildm':Inilm.I[BB(m')K(m')dm'+m'B_l[B(m'B X)K(m'y x)Inldx. (17)
0 m m B 0 0 X

Tomni iaTerpan (16) mepeTBOPrOETHCS:

me(m')K(m)dm' _ g(mmi,me(m')K(m')olm' +j[m'8 B(m', )K(m', X)+ 2MJ|nldx}

e NJ1-x?

—B(m') dm'.

e m'B
e B(m'y,x) = I —
0 —m' X

HactynHuM KpOKOM € JOCIIKEHHS IHTErpaltiB 3 JOrapu(pMIdHOIO OCOOIUBICTIO.
InTerpanu 3 JorapupMivHo0 0€00JIMBICTIO
IaTerpanom 3 morapu(pMidHOIO 0COOIHMBICTIO HA3UBAETHCS HACTYITHUAN 1HTETpa:

jf(x)ln%dx, (18)

0
ne f(x) —uenepepBHa GyHkiis Ha mpoMikky [0,1] .
HenepepsHy (QyHKIIiI0 B TOYLi X MOXHa PO3KIacTd B crenenesuii psag f(X) = ZCn x",

n=0
ToMYy (PYHIaMEHTAJIBHOIO 33/1a4€I0 € JTI0Ka3 301’KHOCT1 HACTYITHOTO IHTerpaa;

1
1 1
J.x”ln—dx: - (19)
. X (n+1)
Ockinpku 1Iel 1HTerpan 30iraeTbCs, MOXHA PO3POOUTH KBaApaTypHi (OPMYIH, IO
MPOTpaMHO OOYHUCITIOIOTh TaKl 1HTErPAJI 3 BY3JaMHU Yy KOPEHSX OPTOTOHAJLHUX MHOTOWICHIB 3
JOTapu(pMIUYHOIO Baroko:

1 N
jf(x)midmzwnf(xn). (20)
0 X n=1
OpToroHaJibHi MHOTOWICHH 3 JIOTapU(PMIYHOIO Barol BHU3HAYAIOTHCA HACTYITHHM
BU3HAYHUKOM:
2 2 2 2
1 1 1 1 b
2 3 n n+1
1y (1Y 1y 1Y 1)
2 3 4 (n +1j (n+2)
2 2 2 2 2
P)=(1 1 1 1 1 (21)
3 4 5 n+2 n+3
V(LY (1Y (L} (1Y
) ) e B @
1 X x? X" X"
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O0unc/IeHHS CHHTYJISPHMX iHTerpaJiB B 3a1a4ax Teopii moTeHiaxy
BukopucraeMo oTpuMaHi CHIBBIAHOIIEHHS Ui 3afad Teopii moTeHuiamy. s 1poro
M1JICTABUMO KOHKPETHI 3HAaYCHHS (yHKIIIT:

4 V14K 1-m?

Voo +pf +K2pp—pf  Pe L+K?@-m?)Em’

u = f(p.(m)) =

(1+k*(L—m?) +3m?) 8p, " (L+k2(1- m?)-+3m?) |
3

B(m'y,x) = S - =
(1+k?)2(1-m"?)? (L+k?)2 © (I-m )\/l m

2n, N, N1+k*(@-m?)

q = f<p+(m'»=—iw -

(s 0T Koo P (i) ]

4n, ~ 4n, mf‘ dm’

B(m') = — B(m',,x) = —
m) 1+ k2 (@-m?) (M%) VI+k2@-m?) 3 (L—m?)W1-x*m?

B(m’) =8p,

[MigcraBuBmm orpumani (yHKIiT B 3aranpHuii Bupas (17), oTpumaemMo sSBHUN BHI
00YMCIICHHSI CHHTYJISIPHOTO 1HTETpaa.
OO0umncieHHs MOBEPXHEBOro iHTerpasaa I'aycca
Jns mepeBipkH pe3yNbTaTiB y XOJi JMOCHKEHHS OyJo OOYMCICHO IOBEPXHEBUN
iaTerpan ["aycca. Lle#i iHTerpan Mae HaCTYTHUIN BUTIISI:

cos(f,r —

H = 9 ds (7). (22)
: g

Leit iHTerpam MoOXHa OOYMCINUTH, BUKOPUCTOBYIOUM BIIACTHBOCTI JesbTa-(pyHKIT
Hipaxa:

cos(n,r §) 1 . _
l—‘r—g‘ dS(F) = j n‘r_g‘dS(r) ! nv‘r g\ dS(F) =
Ar, feV (23)
=—[v dS(F) = jA dV (F) = 4nj5(r—§)dV(r)_ 27, EedV;
s h—f\ ¢ 0.ZeV.

V Toif ke wac mimiHTerpambHa (YHKIiS € Bigjomoro Ham QyHKIielo ¢ 3 Teopii
MOTEHITIANY, JUIS IKOT MU OTPUMAJTH BCl HEOOX1THI (hOPMYITH y pO3ILTi BHIIIE.

B skocTi moBepxHi B X0l MoJAeNOBaHHA Oyina oOpaHa MOBEpXHS TOPY 3 (PiKCOBaAaHUMHU
TOYKAMH Ha HOTO TPaHUII.
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Puc. 1. KonTyp iHTerpyBaHHs y UMJIiHAPHYHIN ccTeMi KOOpAUHAT

VY Tabnuii HUK4Ye HaBeJIeHO Pe3yIbTaTH 00YNCICHb.

Kinbkicth rpaHUYHUX Binxunenus pesynbraty
eJIEMEHTIB Bix 21

64 0.00001786398571
128 0.00001324899562
256 0.00001205818183
512 0.00001175149209
1024 0.00001167145814
2048 0.00001165002835

BucHoBku

VY Xomi JOCHiIKEHHS OTpUMaHi KBaapaTypHi (OpMyIH IJisi OOYMCIIEHHS CHHTYJSIPHUX
iHTerpamiB y 3amadax Teopii moreHmiamy. Jlns mepeBipku Oyno OOUYMCICHO TMOBEPXHEBUM
iHTerpan ['aycca, TOUHICTH OOUMCIEHHS SIKOTO 3pocTaia 31 301IbIIEHHSAM KUIBKOCTI TPaHUYHHUX
€JIEMEHTIB.
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