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XepcoHCHKHI HAalliOHATBHUN TEXHIYHUH YHIBEPCUTET
PO CIIVIBHY TOYKY OIIEPATOPIB

Poboma npooosaicye docnidoicents KiacuuHo2o NPUHYUNY CMUCKaryo2o 8i000paAdiCeHHs.
Lleti npunyun mae wucieHHi meopemuyHi ma NPAKMUYHI 3ACMOCYBAHHA Y DISHOMAHIMHUX
obnacmax mamemamuxu. Ompumani pe3yibmamu 6Ka3yioms HA me, Wo KIACUYHI pe3ynIbmamu
MOJICHA PO3NOBCIOOUMU HA BUNAOOK OEKIIbKOX ONepamopie, Madu Ha y6asi iCHY8AHHS CHIIbHOL
o1 Hux mouku. Kpim moeo, 6 okpemux sunaoxkax, ymogy mozo, wo onepamop noguHex pooumu
cmuckaiode 8i000padXdceHHs, MoxcHa ocaabumu. /i1 yboeo 1020 O00CMAMHLO pO3OUMU HA
0€eKiIbKa NpoCmux onepamopis i wiyKamu CHilbHy MOYKY Yyux onepamopie. 30kpema, y pobomi
dogedena meopema Npo ICHY8AHHS CHLILHOI MOYKU 080X ONEpamopis, wo 6i000paxdcaroms
noeHutl Mempuynuti npocmip Ha cebe. Illpu yvomy, migxc obpazamu, wo cmeoprioms yi
onepamopu, NOBUHHO BUKOHYBAMUCL NeBHe CHIBGIOHOWIEHHs, AK€ aHANo2IiuHe  YMOSI
CMUCKA4020 8i000padicents. Anano2iunuii pe3yibmam 6CMAHO8IeHO I OISl BUNAOKY, KOJU MIdC
06pazamu onepamopis GUKOHYEMbC YMOBA, NPOMUNEHCHA YMOBL CIMUCKAIOYO020 8I000PANCEHHS.

Knrouosi cnosa: mempuunuii npocmip, onepamop, cmuckawode 6i000pajicenHs, Hepyxoma
mouka onepamopa.

B.1. KY3bMNY

XepCOHCKHM rOCyJapCTBEHHBI YHUBEPCUTET

H.1. BAJIBKO, I1.H. BAJIBKO, T.A. AKOBEHKO
XepCOHCKNM HAlIMOHAJIBHBIA TEXHUYECKUW YHUBEPCUTET

OB OBIIEN TOYKE OIIEPATOPOB

Paboma npooonocaem  ucciedo8anusi  KIACCUYeCKo20  NPUHYUNG — CHCUMAIOWE20
omoobpaxcenus. Imom NPUHYUN UMeem MHO20YUCIEHHble Meopemuyeckue U npakmuyecKue
NPUMEHEHUs. 8 PA3IUYHLIX 0bnacmsax mamemamuxu. Tlonyyennvle pe3yibmamol yKa3ulearom Ha
Mo, uYmo Kiaccudeckue pe3yibmamsl MONCHO PACNPOCMPAHUMb HA CAVYAU HECKOAbKUX
onepamopos, umest 8 6udy cyujecmseosanue ooweil s Hux mouxku. Kpome mozo, 6 omoenvhvix
CYUARX, YCA0BUe MO0, YMO ONepamop 00NHCeH 0elamb CoHcumaroee Omoopaxicenue, MO’CHO
ocnabume. J{is smoeo e2o 00CmMamoyHo paszdums HA HECKOJIbKO HPOCMbIX ONEpamopos u
uckamv 0bwue MoyKu IMUx onepamopos. B uacmmocmu, 6 pabome Ookazana meopema o
Cywecmeosanuu oowell mouku O08yxX Onepamopos, Ompadxicarwjue noIHoe MempuiecKoe
npocmpancmeo Ha cebs. Ilpu smom medxcoy obpazamu, Komopbvie co30arm 3mu onepamopbl,
OO0JIICHO  BbINOTIHAMbCL ONPEOECIeHHOE COOMHOUWEHUE, AHATOSUYHOE YCIOBUID CHCUMAIOUe20
omobpadicenus. AHANOSUYHBLIL pe3yTbmam YCMAaHO8AeH U 018 CIy4ds, K020a MedxHcoy 0opazamu
ONnepamopos8  BbINOJHAEMCS  YCI08UE,  NPOMUBONONIONCHOE — VCIOBUIO  CHCUMAIOUe20
omobpasicerus.

Kniouesvie  cnosa:  mempuueckoe — npoCmMpancmeo, — Onepamop,  CocuMarouyee
omoobpadicerue, HeNOOBUNCHAS MOYKA ONepamopa.
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ABOUT THE GENERAL POINT OF OPERATORS

The work continues the study of the classical principle of contraction mapping. This
principle has numerous theoretical and practical applications in various fields of mathematics.
The results obtained indicate that classical results can be extended to the case of several
operators, bearing in mind the existence of a common point for them. In addition, in some cases,
the condition that the operator must make a contraction mapping can be weakened. To do this, it
is enough to break it into several simple operators and look for common points of these
operators. In particular, we prove a theorem on the existence of a common point of two
operators that reflect a complete metric space on itself. In this case, between the images that
these operators create, a certain relationship must be satisfied, which is analogous to the
condition of the contracting mapping. A similar result is established for the case when the
condition opposite to the condition of the contracting mapping is fulfilled between the images of
the operators.

In applications of the method of successive approximation, a situation often arises when
the operator carrying out the reflection of the total space on himself does not satisfy the classical
condition for the compression operator. Sometimes you can use the inverse operator if it exists.
In some cases, this inconvenience can be bypassed by conducting certain analytical
transformations. In particular, majorant operators of contraction can be used. In the work, a
sufficient condition is established for the use of such operators to search for a fixed point of an
operator that is not a compression operator. This result can also be used in the case where the
operator is not continuous. The graphic diagrams of application of the method of successive
approximation in the above cases are presented in the work.

The results obtained in the work can be used to search for fixed points of individual
operators, which are not compression operators, but allow for their replacement by simpler
operators that or either have an inverse operator or are compression operators.

Keywords: metric space, operator, contracting map, fixed point of the operator.

IlocTanoBka npoodJjemMu

[MoTpebu mnpakTHYHOI MiSUTBHOCTI JIOJUHU OOYMOBHJIM BHUHUKHEHHS CIICHiabHUX
HayKOBHUX METOJIB, OCHOBOIO SIKMX € MaTeMaTU4Hi. MaTeMaTU4YHI METOAH JTOCITIIHKEHHS IITUPOKO
MPOHUKAIOTh y Pi3HI cdepu CydacHOI HAyKH — CEKOHOMIKH, (Pi3UKH, €KOJIOTii, COIiOoJOrii,
MPUKIAAHOI JIHTBICTUKH, TMPUPOJIO3HABCTBA TOINO, SIKI PO3BHBAIOTHCS HaA 3JIaMi KUIBKOX
HAYKOBUX HampsMiB. BaimuBow, HEBI'€MHOIO YAaCTUHOIO TaKMX JOCTIDKEHb € 00poOka
EKCIICPUMEHTAJIbHUX JIaHUX 3 BHKOPHCTAaHHSAM MAaTEMAaTUYHOI CTATUCTUKH, CTBOPCHHS
MaTEeMaTHYHUX MOJIENIel Ta X CHCTEM IS ONMHUCY SIBHIL, YMHHUKIB TIEBHOTO CEPEAOBHUINA Ta iX
B3aemomii. OgHUM 13 Hale(EKTUBHIMIMX METOAIB MOOYIOBM MAaTEeMaTHYHHX MOJEICH, III0
OMHCYIOTh JUHAMIKY (i3MYHUX, XIMIYHUX, €KOJIOTIYHUX, OIOJOTIYHHMX, TEXHOJOTIYHUX CHCTEM
AK MK OKPEeMHMH iX eJeMEHTaMH, TaK 1 30BHIMIHIMH (aKTOpaMH CEpeOBHUINA, B SIKOMY
nepeOyBaloTh I1i €JIEMEHTH, € BUKOPUCTAHHS METO/IB Teopil AudepeHiianbHuX Ta IHTerpalbHUX
piBHsHB. KiacmuHMME 3amadaMu Takoro THITYy €, HANPHUKIAMA, 3a7adi Mpo OXOJIODKCHHS Tila,
pamioaKTUBHHIA PO3Majl, TOMEPEYHI KOJMBAHHS HATATHYTOI CTPYHH, IIBUAKICTH PO3ZMHOKCHHS
OakTepidd, 30UTBIIEHHS KUTBKOCTI (DEpMEHTY, KOHIIEHTpAIlI0 PO3YMHY, IIBUAKICTh XIMIYHOI
peaxiiii, IMHaMIKy YUCEIbHOCTI MOMYJIALil, TEOpito emieMiid, picT JepeBa Ta JUCTSI Ha HbOMY Ta
0araTo 1HIIMUX.
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VY 3agadax 3HaXOHKEHHS TOYHOTO 200 HAOIMKEHOTO PO3B’A3KYy AU(EpEeHITiaTbHOTO a00
IHTETPaJbHOTO PiBHSAHb BAXIIMBUM €TAIlOM € JIOBEJIEHHs iCHYBaHHS LIbOTO PO3B’s3Ky. OqHUM i3
Haly»XKUBaHIIIUX METOJIB JOCJIPKEHHS WX PIBHSAHb HAa ICHYBaHHS PO3B’SI3KYy € METOJ, IO
ONUpaeThCsl Ha KiacuuHy TeopeMy Kauuiomomni-banaxa mpo omeparop cruckyBanus. Llei
orepaTop € HEMEepPEepBHUM 1 Ma€ €IUHY HEPYXOMY TOUKY, 3HAXO/DKEHHS SIKOI MPOBOJIUTHCS
MeTojoM TnochigoBHux HaOmmkenb [1, C. 605-606]. Skmio omepatop, sKuii BiaNOBigae
JNOCTII)KyBaHOMY pIBHSIHHIO, HE € OINEpaTopoM CTUCKYyBaHHS, TO TMOIIYK pO3B'SI3KY
YCKJIQHSIEThCS. 3 1HIIOTO 00Ky, TudepeHiiiagbHe ado iHTerpanbHe PiBHSIHHS MOKHA 3aIIUCATH Y
BHTJISIZII PIBHOCTI JIBOX OIMEPATOPiB, a MOIIYK PO3B'S3KY IHOTO PIBHSIHHS MPUBECTH IO TOIIYKY
TOYKH, B SIKiii OOM/IBa ONEpaTOpH MPHIMAIOTh OJHAKOBE 3HAUYEHHS, TOOTO 10 MOLIYKY CIJIBHOI
TOYKH orepatopiB. OcoOIUBO 1€ 3pyUHO, SKIIO KOKEH 3 OTPUMAHUX ONEPATOPIB MPOCTIIIHA HIXK
JOCITIJIKYBaHUM omeparop.

AHAaJIi3 OCTAHHIX J0CTiIKeHb | myOJaikaii

OmnepaTtopu CTHUCKYyBaHHS IIHPOKO BHUKOPHUCTOBYIOTHCSI B TeOpeMax IpoO iCHyBaHHS
PO3B’s3KiB audepeHIiianbHuX Ta inTerpansHux piBasHb [1, C. 620-629], [2, C. 465-470].
[cHYIOTH T€OpeMH 1 METOIM MOUIYKy HEpyXOMHX TOUOK OIEeparopa, siki He BHKOPHCTOBYIOThH
ymoBu Teopemu Kauuionosni-banaxa. Ile, nanpuknan, npuanun [aynepa [1, C. 616], Teopema
Kakyrani [1, C. 630], sKy BUKOPHCTOBYIOTh y Teopii irop. OnHaK, BOHU CIIpaBeIJIMBI JHIIE Ha
KOMITAKTHUX TPOCTOpaxX, Ta ICTOTHO BHUKOPUCTOBYIOTh BJIACTHBOCTI HEIMEPEPBHOCTI abo
3aMKHYTOCTI oniepatopa. ¥ pob6otax [3], [4] 1 [5] Oynu oTprMaHi yMOBH, 110 PO3LIIUPIOIOTH MEXI
3aCTOCYBaHHSI MPUHIIMITY CTUCKAIOYOTO BiJJOOpaKEHHSI.

Merta pocigxeHHs

Meroto 1i€i poOOTH € BU3HAYCHHS YMOB, JJOCTATHIX JIJIs1 ICHYBaHHS CIIUTBHOT TOYKH JIBOX
OTIepaTopiB, SKi BiJ0OpakaroTh MOBHUN METPUYHUIN MPOCTip Ha cele, a TaKOK MO0y 10Ba METOY
TIOIIYKY ITi€1 TOUKH.

BukianeHHs1 0CHOBHOI0 MaTepiajy J0CTixKeHHS

Hapgani Oynemo po3risiiaté MOBHUM METpUYHHMM HpocTip X 3 METPUKOIO P B HBOMY.
CribpHOIO TOYKOO ABOX ONEPaTOpiB U 1 v, AKI O3Ha4YeHI Ha mpocTopi X, OyJeMO Ha3UBaTH TaKy
TOYKY X* I[bOTO IIPOCTOPY, B AKiii BUKOHY€EThCS piBHICTD U(x™) = v(x™).

Teopema 1. Hexaii onepamopu u i v 8idobpadxcaroms noguuil mempudnuti npocmip X Ha

cebe, i 0111 onepamopa vV HA YbOMY NPOCMOPI ICHYE 0DEPHEeHULl onepamop.

Axuwo onst dosinehux movok X' i X' npocmopy X euxonyemocs nepienicmo

pu(x);ulx")) < ap(v(x");v(x"), (1)
0e 0 < a < 1, mo icHye eduna cninbHa mouxka onepamopie U 1 v.

Jlogedennsn. BizbMeMO NOBIIBHY TOUKY X IPOCTOPY X 1 3HAMIEMO TOYKY X; 3 PIBHSHHS
v(xy) = u(xy). OCKkiNIbKH 32 YMOBOIO TEOPEMH OIIEpaTop v BimoOpakae mpoctip X Ha cebe i st
HBOrO iCHye oOepHeHHMil omepatop V™!, To Taka Touka X; iCHye€, IPUUYOMY BOHA €IMHA i
3HaXOAUThCA 3a (QopMmyao x; = v 1(u(xy)). Amnanoriuno, 3 pisHocTi v(xy) = u(x;)
3HAXOMMMO TOYKY X,: X; = v 1(u(x;)). Ilpogopxkyioun Leil Ipouec 10 HECKIHYEHHOCTI, 3
piBHOCTI:

v(xy) = u(Xp-1) (2)

6y Iyemo nocinoBHicTs {x, } Touok x, = v~ (u(x,_1)), n = 1,2,.... 3 orniany Ha pismicTs (2),
3 HepiBHOCTI (1) MOCITITOBHO OTPUMY€EMO:
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P(U(xz);v(x1)) = p(u(xl);u(xo)) < OCP(U(XD; U(xo)),
P(V(x3); V(xz)) = P(u(xz)} u(xl)) < ap(v(xz); v(xl)) < azp(v(xl); v(xo)),

3 nuX HEPIBHOCTEH BHILIMBAE, 110 MOCTiM0oBHICT {v(X,}} € 36ixHO0I0 B c06i [1, C. 606],
i, BHACJIIZIOK IOBHOTHU MPOCTOpPY X, 30iraeThcs 0 ACSKOI TOUKH X' LBOTO MPOCTOPY. 3 PIBHOCTI
(2) oTprMyemoO, 1110 TOCIiTOBHICTD {U (X, }} Texk 36iraeThes 10 TOUKU X'

Hexait Touka x* nmpocropy X taka, mo v(x*) = x'. Toxi 3 HepiBHOCTI (1) 115 i€l TOUKH
OTPUMA€EMO HEPIBHICTb!

p(uCr); u(x") < ap(v(en) v(x?)) = ap(W(xy); x').

IepeifuioBmy B wiil HepiBHOCTI 710 rpanuii npu n — oo, otpumaemo: p(x’;u(x)) <
ap(x’;x") = 0.
Takum grHOM, CripaBeAIMBa PiBHICTH: U(x™) = X' 1, OTXKe, X* - CIIbHA TOYKA OTEPATOPIB U 1 V.
€IMHICTH 1i€T TOYKH MOKHA OTpUMATH 3 HepiBHOCTI (1), Tak caMo, K 1 Ipu JOBEACHHI TEOPEMHU
Kayuionosnmni-banaxa.

SIkmio B ymoBu Teopemu | B SIKOCTI omepaTopa v B3STH OAMHHYHHUE omepatop: v(x) = x
JU1s1 Oy Ib-IKO1 TOUKH X TIpocTOpy X, TO OTpUMaEMO BuIe3ragany teopemy Kauuionosumi-banaxa
PO HEPYXOMY TOUYKY OIepaTopa CTHCKyBaHHsS. B 1boMy BHMAaKy omeparop u, 3a TEOPEeMOIO
Kayuionosnmni-banaxa, 6yze HerepepBHUM y KOKHIH TOYIl pocTopy X.

[Mpuknan moOyMOBH TOCHTIIOBHUX HAOIKEHB, Yy pasi, AKkmo U = kix,v = kyx (k; <
k), nokaszanuii Ha puc. 1.

Ny
Y=k x
Y=k, x
P . N
o % X rand
/|

Puc. 1. CxeMa nocJriioBHUX HA0JIHKEHD 10 CIIJIbHOI TOYKH.
YmoBa (1), B3arami Kaxkyuu, He OOOB'S3KOBa JUIsl ICHYBaHHS CIUJIBHOI TOYKH JBOX
omneparopiB. Ha 1ie Bka3zye HaCTyNmHMIA pe3ybTarT.
Teopema 2. Hexaii onepamopu U i v 8idobpadicaioms nosHuii mempudnuii npocmip X Ha

cebe, i 01151 onepamopa v Ha YboOMy NPOCMOPI ICHYE 0OepHeHul onepamop.
Ao ons dosinonux mouox x' i X' npocmopy X suxonyemucs nepisnicme

pu(x;ulx) = ap(v(x); v(x"), ©)

de a > 1, mo icHye eOuna cninbHa moyka onepamopis U i v.
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/Jlogedennn. 3 nepiHocTi (3) BUIUIMBaE, IO JAJs oreparopa u Ha mpoctopi X icHye
obOepHenuii oneparop u~ L. JlificHO, 32 YMOBOIO TEOpEMH 2 ONepaTop U Bigobpasxkae npocTip X Ha
cebe. [IpumycTumo, o y ABOX Pi3HUX TOYKax X' i x'' mpocTopy omeparop u mpuiiMae 0JHAKOBE
snadeHns: u(x’) =u(x') =x i p(x’;x")# 0. Tomi 3 wmepiBHOCcTI (3) WIS IHMX TOYOK
OTPUMAEMO:

p(u(x’); u(x”)) =p(x;x) = ap(v(x’); v(x”)),
a6o p(v(x');v(x"")) = 0. Omxe, onepatop v B Toukax x' i x” Tex mnpuitmMae onHaKOBe
3HA4YeHHs, II0 CYNEpeYuTb YMOBI iCHyBaHHSI OOepHEHOro omeparopa. 3 HepiBHOCTI (3)
3HAXOIUMO:

p(v(x);v(x") < %p(u(x’); u(x"), (4)

. : . 1 o
Tak sk cmpaBennuBi HepiBHOCTI 0 <-< 1, To, 3 ornAmy Ha HEpIBHICTH (4), MaeMoO, IO

OTIEpPATOPH U i V 33/I0BOJIBHIIOTH YMOBH TEOPEMH 1, TOMY JJIsl HUX iICHY€ €/IMHA CITIJIbHA TOYKA.
SIxmo B ymoBi Teopemu 2 B sIKOCTI onepaTopa v B3sTH OJUHUYHHIA ONEpaTop, TO yMOBa
(3) Habepe Burmsay:

pu(x);ux")) = ap(x’;x"). (5)

VY upomy Bunajky, Jlema 1 podoru [4, C. 167] € wactunauM BumagakoM Teopemu 2. HaBenemo
MIPUKJIA]] OTIEPATOPa, 110 3a0BOJILHSIE YMOBY (5).

Hpuxnao 1. Posrnsuemo noBuuii Metpuunuii npoctip RE [6, C. 43], Toukamu skoro €
YIOPSIIKOBaHI Mapy MHCHAX dncel: X (X1; X, ). Bigcrans mixk Toukamu x'(xq; x5) ta x'' (x1'; x3')
I[LOT'O MPOCTOPY O3HAYAETHCS 3a OMOMOTor0 piBHOCTI: p(x'; x'") = max {lxr, — x 1}

U1 Up

Matpuunuil onepartop u = ( ) BinoOpaskae mpocTip R3 Ha cebe 3a MpaBMIIOM:

U1 Up
u(x) = y(y04;v,), ae ¥; = Ye—q Uik X, (i = 1,2). Ilna Toro, mo6 onepatop u GyB onepaTopom
CTUCKYBaHHS, HEOOX1THO 1 TIOCTaTHRO, MO0 I JESKOr0 YUCiIa X BHKOHYBAJIHUCh HEPIBHOCTI:
Zi=1luik| <x<1(i=1,2) [6,C.66-67].

2 0 . .
Omneparop u = ( 0 2) HE 3aJI0BOJIbHSIE BKa3aHii BHIE YMOBI, i TOMy HE € ONEpaTopoM

CTHCKYBaHHs. 3 IHIIOTO OOKY, 1€l onepaTop 3a0BOJIbHIE YMOBY (5), SKIIO MOKJIACTH: @ = 2 >
1. Orxe, 3a Teopemoro 2, 1 LbOTO OIEpaTopa ICHy€ €MHA CIHiJbHA TOYKA 3 OJUHMUYHHUM
OIepaTopom, TOOTO HEpyXoMa TOYKa oreparopa u.

3HaliIeMO HEpyXOMYy TOYKY OIepaTopa U METOJIOM IMOCIiTOBHUX HAOMMKeHb. [l 11boro
05 0
0 05
HANpHKIag, 3 TOUYKH Xo(1;1). 3acTocyBaBIIM TOCIIZOBHO N pa3iB OOEpHEHWI OIeparop, 3a
HPaBHIIOM: Xn4q = U 2(x,) (n=0,1,2,..), OTpUMAaEMO MOCTiZOBHICTh {X,} TOYOK X, =
(w H™(xy) = W™) (xy). dani 6ymemo marw:

BUKOPUCTAEMO  OOEpHEHWH omepartop: U™ =( ) HabmwkenHss  po3nouyHemo,

n n
u = (20 zon), "t = (0’3 0,(;”)' Tenep 3HaX0IMMO €1E€MEHTH TOCIITOBHOCTI:

0,5" 0 1 0,5™
= ("0 omn) (1) = (o) =12

[epeiimoBmu y il piBHOCTI 10 TPaHHULIl IPH N —> 00, OTPUMYEMO HepyxoMy Touky: x*(0; 0).

23



IIPUKIIA/IHI ITNTAHHA OYHIIAMEHTA/IBHI HAYKH
MATEMATHYHOI' O MOJIEJTIOBAHHA, Nel, 2018p.

BuxopuctoByroun Teopemu 1 1 2, MOXKHa pOOWTH BHCHOBOK MPO ICHYBAaHHS CILIBHOT
TOYKH TPHOX OIEPATOPIB.

Hacuainok 1. fxkwo ons onepamopis U i v, wo 3a00801bHAIOMb YMO8U meopemu 1, abo
meopemu 2, i 011 onepamopa f, wo sidobpadxcac nosuuii mempuynutl npocmip X Ha cebe,
BUKOHYEMbCS PIGHICMb.

p(u(x); f() + p(f () v(x)) = p(u(x); v(x)) (6)

8 KodicHill mouyi x npocmopy X, mo onepamopu u, v i f maromo eouny cninony mouxy.

Joeedenns. 3a Teopemoro 1 abo 2 omeparopu U i ¥ MalOTh €JJMHY CIIJIBHY TOYKY X* B
npoctopi X. To6to, cipaBeasuBa piBHicTh: U(x™) = v(x*). [ns uiei Touku piBHicTh (6) HaOyIe
BUTTISAY:
p(ux™); fF(x)) + p(f () v(x)) = p(ux*);v(x?)), abo p(v(x");f(x))=0. Tomy
crpaBeuBa piBHICTE: V(x*) = f(x*), i ToUKa X € CHiBHOIO TOYKOIO oneparopiB v i f, a oTxke,
i oreparopiB u, v i f.

Hacnimok 1, mo aHanorii 3 BIaCTUBICTIO TPAHUII IPOMIXHOT ITOCITIIOBHOCTI, MOKHA 0YJI0
0 Ha3BaTH BJIIACTUBICTIO CH1JIBHOI TOYKH MTPOMIKHOTO ONIEpaTOpa.

Hacainok 2. flxwo onepamop cmuckysanns u i onepamop f, wo sioodpasxcaroms nosnuii
Mmempuunuti npocmip X Ha cebe, 3a00801bHAIOMb PIBHICY.

p(uC; f() + p(f (x); %) = p(u(x); x) (7)

07151 6y0b-sikoi mouku x npocmopy X, mo onepamop f mae eouny nepyxomy mouxy.

Jlosedennsa. et Hacmigok otpumyemo 3 Hacmiaky 1, BuOpaBuim B SIKOCTI omeparopa v
OJIMHUYHUH oriepaTop: v(x) = x.

Hacninok 2 nikaBuii TuMm, 1o omeparop f He 000B'I3k0BO MOBHHEH OYyTH ONEPAaTOPOM
CTUCKYyBaHHS, a00 maTu oOepHeHuil omepatop. ONHAaK, SKIIO NPUIYCTUTH HEMEPEPBHICTH
orepaTopa U B HEPYXOMiid TOYIIi, TO MO>KHA 3pOOUTH BUCHOBOK 1 PO HEMEPEPBHICTH OmMepaTopa
fy miit Toui.

Teopema 3. Hexaii onepamop u i onepamop f sioobpascaromv nosnuii mempuunuil
npocmip X Ha cebe. Hexail, kpim moeo, onepamop U mae Hepyxomy mouy x* y npocmopi X, i €
HenepepeHuM y yitl modyi.

Axwo y xoocnint mouyi npocmopy X euxonyemocs pisuicmo (7), mo onepamop f €
HenepepeHum y mouyi X*, i BOHA € 0/ Hb020 HEPYXOMOIO MOUKOIO.

/Jlosedenna. Hexaii Touka x* € HEPYXOMOIO TOYKOIO oreparopa U. Y IbOMY BHIAIKY
Oyze BUKOHYBaTUCH piBHiCTE: U(x*) = x*. IligcTaBUBIIM 1€ 3HAYEHHs y piBHICTEH (7), OyaeMo
MaTH:

p(uCx™); f(x)) + p(F(x*);x*) = p(x* £ (x9) + p(f(x™); x7) =
=2p(x" f(x") = p(u(x*); x*) = p(x*;x*) = 0.

3Bicu oTpumyemo pisicth: p(x*; f(x*)) = 0, a ue o3Hayae, WO TOUKA X* € HEPYXOMOI
TOYKOIO orepartopa f.

JIis  noBelieHHS HEMEpPepBHOCTI omeparopa f y Touli X" BI3bMEMO JIOBLIBHY
HOCITIZIOBHICTB {X;,} TOYOK mpocTopy X, 1m0 36iraeTbest 10 TOYKH X *. ISl JOBLILHOTO €JIeMEHTa
Xy, T€T OCITIZIOBHOCTI BUKOHYETHCSI PiBHICTH (7):

*

p(uCxn); £ () + p(f (en); %) = p((n); X).-
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3 1i€i piBHOCTI 3HAXOIUMO:

p(f (en)s ) = puxn); %) — p(u(an); £ () < p(uCxn); xn).

[lepefimoBmmy y 1iif HEPIBHOCTI A0 TpaHMII MPH N —> 00, i BUKOPUCTOBYIOUH HEMEPEPBHICTDH
orepaTopa U B TOUIl x*, OyJeM0 MaTu:

Tlli_lgop(f(xn);xn) =< Tlli_llrgop(u(xn);xn) =px*x") =0.

Buxopucraemo HEpPiBHICTH TPUKYTHHUKA: p(f(xn); x*) < p(f (%) xn) + plxy; x7).
[epeiimoBmM y 1miii HEpiBHOCTI 10 TpaHMII NHPU N — 00, 1 BUKOPUCTABIIU MPHU I[HOMY
MOTIepeIHIO HEPIBHICTh, OYIEMO MaTH:

rllillgop(f(xn); x*) < rlli_r)rc}op(f(xn);xn) + rllillgop(xn;x*) = 0.

OCKUTbKM  BIZICTAaHb € HEBIJ €EMHOI BEIWYMHOIO, TO OTpPHUMaHa HEPIBHICTh O3Ha4ae
cnpaBeuBicTh piBHOCTI: lim p(f(x,);x*) = 0, a 1e, BHACHIZOK 301KHOCTI MOCiJOBHOCTI
n—oo

{x,} m0 ToukM X*, 0O3HaYa€E HEMEPEPBHICTH oneparopa f y I TouII.
Cytricts Teopemu 3 MokHa rpadiuyHO IIPOJEMOHCTPYBAaTH Ha mnpukiaam ¢yskuii u(x) =
kx (k > 1), ta dynxmii f(x), mo 3amoBonbHse HepiBHocTi: X < f(x) < u(x) (puc. 2).

A JEkx (D)

=LY

v
Se

Puc. 2. BaacTuBicTb cnijibHOI TOYKH MPOMi’KHOTO oniepaTopa.

YV 11bOMy BHIAJIKy, 32 METPUKOIO ITpocTopy RY, piBHicTh (7) Oye MaTy BUTIISL:

p(u(x); () + p(f (); %) = lkx = fFON + If (x) — x| = [kx — x| = p(u(x); x).

Takum umHOM, piBHICTH (7) BHKOHYy€EThCS, i omke QyHKuis f(x) mae, sk 1 QyHKIsS

u(x) = kx, nepyxomy Touky x = 0.
BucHoBku

[Ipu gocmimxeHH] ICHYBaHHsS PO3B’SI3Ky NHU(EPEHIAIBHUX Ta IHTETPAIBHUX PIBHIHB
BIJNIOBIHI ONEpaTOpH, y BHIAAKY, SKIIO BOHM HE € OINEpaTopaMH CTUCKYBAaHHS, MOXHA
po30uBaTH Ha JAeKUIbKa OLIbII MPOCTHUX OMEpaTOpiB 1 IIYKAaTH IXHIO CHUIBHY TOYKY. SKIIO
onepatop f He € HemepepBHUM i HEe Mae OOEPHEHOTO, TO MOKHA IIyKaTW TaKWil OIeparop
CTUCKYBaHHS U, 00 BOHW OOW/Ba 3aJ0BOJIBHSIIM PiBHICTH (6), a TOTIM NIYKAaTH HEPYXOMY
TOUKy onepatopa u. 3a Hacnigkom 1 1 Touka Oy/ie HEpyXOMOr TouKoro onepatopa f.
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VY nopanplioMy BakJIMBO, BUKOPUCTOBYIOUHU PE3yibTaTU POOOTH, OTPUMATH HOBI YMOBH

ICHYBaHHSl 1 €IMHOCTI PO3B’A3KIB KOHKPETHHX THIIB IU(PEpEHIIaIbHUX Ta IHTETpaJbHUX
PIBHSHB.

™=
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