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Hccneoosanvl c60000HbIe KONeOAHUA HCUOKOCIU 8 COCMABHBIX 000JOUKAX BPAUjeHUS,
COCMOAWUX U3 YUTUHOPUYECKOU U KoHuueckou uacmetl. [Ipednonacaemcs, 4mo HcuOKOCHb
SABNIAEMCL UOCATILHOU U HECHCUMAEMOLUL, A ee OBUIICEHUEe, 8bl36AHHOE KOLeOAHUAMU 0O0IOUKU —
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cucCmembl CUHSYNAPHBIX UHMESPATbHbIX YpasHeHull. [Ipumenen mMemoo SpaHuyHbIX 2JeMeHMO8.
Onpedenenvt uacmomvl u Hopmvl KoAeOAHUL HCUOKOCMU 6 COCMABHOU YUTUHOPUYECKO-
KoHuyeckoul obonouke. Coenan ananus e1uaAHUs nepezpy30K Ha Yacmomuyl KONeOAHUsL COCMABHbIX
06oJ104ex.
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YUCEJIBHE MOJAEJIIOBAHHS KOJIMBAHD PIIMHU B CKJIAJIEHUX
OBOJIOHKAX OBEPTAHHA IIPU IIEPEBAHTAKEHHAX

Hocniosiceno 6invhi Koaueanus piouHu 6 00OO0JIOHKAX 00epMAaHHs, [KI CKAA0AMbCs 3
YuniHOpuuHoi ma KoHiuHoi yacmun. Beaxcaemuvcs, wo piouna € ideanvHow i HecCmuciugow, a ii
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Buxopucmano memoo epanuunux enemenmis. Busnaveni yacmomu i ¢oopmu Konueanv piounu 6
CKNAOeHIl YUNTHOPUUHO-KOHIUHILL 000N0HYI. 3pobieno ananiz 6niugy nepesaHmadcetv Ha
Yacmomu Koau8aHHs CKAA0EHUX 000JIOHOK.
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NUMERICAL SIMULATION OF LIQUID VIBRATION IN COMPOSITE
SHELLS OF REVOLUTION UNDER OVERLOADS

The free fluid vibrations in the shells of revolution having cylindrical and conical parts
are considered. To simulation the region occupied by the fluid, a mathematical model is
developed based on the following hypotheses: the fluid is incompressible and inviscid, and its
motion, caused by shell oscillations-potential, the only small oscillations are considered. In the
course of the work, a mixed boundary-value problem is formulated for the Laplace equation. The
modes decomposition method is applied. The problem is reduced for the solving of the system of
singular integral equations. In the course of the solution, it was revealed that the kernels of
integral equations contain complete elliptic integrals of the first and second kind. An elliptic
integral of the second kind is calculated using Gauss's standard quadrature formula. For an
elliptic integral of the first kind, an approach based on the characteristic property of the
arithmetic mean AGM is used. To solve outer integrals, special Gaussian quadrature formulas
are applied. The developed method is applied further for the analysis of free vibrations of shell
structures. The boundary element method is applied in a straightforward form. At the first stage,
a necessary number of boundary elements is determined to find the eigenfrequencies with a
given accuracy. The frequencies and forms of fluid oscillations in a compound cylindrical-
conical shell are determined. A comparison is made between the frequencies of axisymmetric
fluid vibrations in a cylindrical shell obtained using by the method and the analytical formula
developed in this work. Also, the values of the first seven vibration frequencies of composite
shells are given for different lengths of the cylindrical part. The analysis is made of the effect of
overloads on the vibration frequencies of composite shells.

Keywords: composite shells of rotation, ideal incompressible fluid, method of the finite
elements, method of the boundary elements, frequencies and forms of the oscillations, free
vibrations of a liquid, composite shells of the revolution, singular integral equations.

ITocTanoBka npodaemMbl

I'epmernyHble  000JI0Y€YHbIE KOHCTPYKLUMH ISl XpaHEHHs W TPaHCIOPTUPOBKU
KHUJIKOCTH SIBJISIOTCS TPEAMETOM WHTEHCHBHBIX HCCIIEAOBAHHI B Te4eHHE mocieanux S50 eT.
Bonbuioe Konu4yecTBO pa3IMUHBIX THIIOB MOJEJIBHBIX TECTOBBIX 3a/1a4 PACCMOTPEHO U PEILEHO B
nocienHee necsruierne. lccienoBaHue CBOOOIHBIX KOJIGOAHWH JKHUIKOCTH B COCTAaBHBIX
000J10YKax BpallleHHs! IPEICTaBIAET OOJBIION MPAKTUYECKHI HHTEpeC.

AHAJIM3 NOCJeIHUX HCCIeA0BAHMI U NMyOInKANMT

AHanu3 uccie0BaHui, TOCBAILICHHBIX Mpo0ieMaM IJIeCKaHHsl )KUIKOCTH B pe3epByapax,
nan B paborax R.A. lbrahim's [1-2]. OOosoukaM, COCTOSIIMM U3 MHIHHIPHYCCKHX U
KOHMYECKUX YacTel, B HAYYHOH JInTepaType yAeJICHO MeHbIIIee BHUMAaHUE, HECMOTPSI Ha TO, YTO
TaKHUe TOHKOCTEHHBIE KOHCTPYKIIMH IMPOKO MCIIONIB3YIOTCS B pa3HBIX OTpaciiax TeXHUKH. O630p
UCCleIoBaHU 1o 3TOM TeMe [2—3] moka3bIBaeT, 4To OOJbIIOE BIUSHME Ha JMHAMHYECKOE
NIOBEJICHUE KOHCTPYKIMHM C JKMJKOCTBIO OKa3bIBAalOT BUOpalMM YIPYI'HX CTEHOK U
B3aMMOJICICTBHE C IUICLIyIIENCs >KUAKOCThIO. CBOOOAHBIE M BBIHYXKJEHHBIE KojeOaHus
IMHAPUYECKUX PE3EPBYapOB C JKUAKOCTHIO PacCMOTpPEHBI B padoTax [4-5]. OtmeTnM, 4TO B
OOJNBIIMHCTBE MCCIENOBAHUNH HE YUUTHIBACTCS BIMSHHUE CHJIbl TSDKECTH, BBI3bIBAIOIIEH
IUIECKaHUS.

eas uccaenoBanus

ITocTanoBka 3agaun. B 310l craThe paccMOTpeHa 3ajaya O KojeOaHHsIX KUAKOCTH B
cocTaBHOM oOonouke BpamieHus. llpeamomaraercs, 4YTro 000JI0YKa MOXKET COCTOSATH U3
LWINHAPUYECKOM M KOHMYeckoW uyacTed. (OO003Ha4MM CMOYEHHYIO YacThb IOBEPXHOCTHU
o0onmouku Si, a CBOOOJHYIO MOBEpXHOCTH So. IIpeamonoxum, YTO JeKapTOBa CHUCTEMa
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koopauHaT OXyZ cBsizZaHa C OOOJIOYKOH, CBOOOIHAS IMOBEPXHOCTh COBMAJNACT C IUIOCKOCTBIO
z=H =H, +H, B cocrosuuu nokos (puc.1).

Jiss MmontenupoBaHus 00JIACTH, 3aHATOW KUIKOW Cpeloi, pa3paboTaHa MaTeMaTHYeCKas
MOJZIE€NIb, OCHOBAaHHAs Ha CIENYIOIIMX THUIIOTE3aX: MXUAKOCTb SBISAETCS HECKUMAEMOW U
HEBSI3KOH, IBW)KEHUE XHIKOCTH OE3BHXPEBOE, HEOOXOAWMO paccCMaTpUBATh TOJBKO Malble
KosnebaHus (nuHelHas Teopusi). I109TOMy MOXKHO BBECTH CKalSpHBIA MOTEHIMANl CKOPOCTEH
d)(x, Y, Z, t), YIOBIIETBOPAIONIMI ypaBHeHUIO Jlamaca.

dl

-4

Puc. 1. O00/104KH BpameHus ¢ ;KUAKOCTHIO H GopMbl KoTeOaHul ¢BOOOIHOM
MOBEPXHOCTH.

JlaBneHue >Xuakoctu P = p(x, Y, Z, t), JIEHCTBYIOIIEE HA CMOYEHHON IOBEPXHOCTH,
MOJIy4€HO U3 JINHEApU30BAHHOTO YpaBHEHUS! bepHysuM 11 MOTEHUAIBHOTO MTOTOKA:

p=-p 8CD+92 p »9z, P pacb 1)

=P A ' =~P1Y4, d =P —=
ot ) ot

rje § — IpaBUTAllMOHHOE YCKOpPEHHUE, Z — BEPTHKaJbHasg KOOPAMHATA TOYKHU B )KUIKOCTH, O —

IJIOTHOCTh KUAKOCTH, Py M P, — CTaTUYecKas U JAWMHAMUYECKAs KOMIIOHEHTBHI [aBJICHUS

KUIKOCTH, P,— aTrMoc(hepHOe JaBJICHHE.

Ha cB0OOIHON TOBEPXHOCTH J>KHAKOCTH JOJKHBI OBITH YJIOBJIETBOPEHBI CIICTYIOITUE
TPaHUYHBIE YCIIOBUSA:

B0
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:6_4" a£+gé’ =0.
. ot ot g

OyHkuus ¢ 371eCh OMUCHIBAaET (GOPMY U TOJIOKEHUE CBOOOTHON MOBEPXHOCTH. TakuM 0Opazom,
U1 IOTEHIIMAJIa UMEEM CIIEIYIONIYI0 KpaeByIo 3aauy:
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371ech n — BHEIIHSISI €IMHUYHAs HOpMaJlb K pacCMaTpUBaeMOM TOBEPXHOCTH.
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JUis  BBITIOJIHEHMSI YCIIOBHM pa3pelIMMOCTH KpaeBOW 3afauyd HEOOXOJUMO TaKkKe
YIOBJIETBOPUTH ycloBUIO HelimaHa:

j‘l‘)dszo.
S06n

Takum oOpazom, chopMynrpoBaHa cMelIaHHas KpaeBas 3a/1a4a s ypaBHeHus Jlamnaca.
H3n0:xeHNs1 0CHOBHOTO0 MAaTepHAJIA UCCIeI0BAHUS
1. MeToa 3aqaHHbIX (OPM U CHCTEMA TPAHUYHBIX MHTETPAJIbHbIX YPABHEHMI:
Paccmorpum norennman @ B BUIE CIEAYIONIETO PAAA!

® =

d, (t)py -

M
k=1
UYroOs! onpenennuTh GYHKIUH ¢, , UCTIOIb3YEM METOJ I'PAHUYHBIX JJIEMEHTOB B IPSIMON

dopmynupoBke. Omnyckas uHIEKC K, 3amiilieM OCHOBHOE MHTErPAIbHOE COOTHOIICHUE B (hopMme

[6]:

1 o 1

rae S = S1USo; toukn P u Po mpunagiexxat nosepxHoctu S. Yepes |P—Po| 0003HaUNM
JIEKapTOBO paccTosiHuEe MeXQy Toukamu P u Po. @yHkuusa ¢, onpeneneHHas Ha MOBEPXHOCTU

S1, mpencTaBisieT co00l 1aBleHNEe Ha CMOYEHHOM MTOBEPXHOCTH, a QYHKIUS (, ONpe/eIeHHas Ha
So, — 3710 MoToK. C MCTOIB30BAaHUEM TPAHUYHBIX YCIOBHH MPUXOANM K CHCTEME CHUHTYJISPHBIX
WHTErpAJIbHBIX YpaBHEHUM B (popme, mpencTaBieHHO B [3]:

2+ o 5,2 o 1+ [ s =0

2 @
_Lj%aﬁn(ﬂdsl 270, +’;—k£0j¢0%dso - 0.

31ech ¢, — 3HaYEHUs MOTEHIIMANIa Ha IOBEPXHOCTH So.

YucneHHoe pelieHre MOMYyYEeHHOW CUCTEMbl CHHTYJSPHBIX WHTETPAIbHBIX YpaBHEHUI
OCYILIECTBJIEHO METOJIOM T'PaHUYHBIX 3JIeMEHTOB. B [3] mokazano, 4To siagpa WHTETPaIbHBIX
YpaBHEHUU cOAepkKaT TMOJHbIE JIUTMNTHYECKHEe HHTerpainbl 1-ro u 2-ro poxaa. Tak Kak
AIUTUNTUYECKUNA MHTErpai 2-ro poAa MpPeACTaBiIsieT cOOOW peryssipHy0 (QYHKIHIO, TO IS €ro
BBIUMCJICHHS UCTIONB3YETCS CTaHAapTHas KBaapaTypHas Gopmyna ['aycca. J{as anmunTHueckoro
MHTerpayia 1-ro posa npuMeHseTcs MO0X0Jl, OCHOBAHHBIN Ha CIEAYIOLIEM XapaKTepUCTHUYECKOM
CBOMCTBE CpeIHero apupMEeTHUECKOrO-reomMeTprdeckoro snadeHuss AGM(a, b) (em. [7]).

Jlns onpenenenys 3TOro 3Ha4eHus CyILECTBYET IPOCTOM anroput™M ['aycca, onmcaHHBII
HIDKE.

Takum o0Opa3oM, umeroTcsi 3(h(HEeKTUBHBIC UYUCIEHHBIE MPOLEAYPHl UISl BBIUYMCICHUS
BHYTPEHHHUX MHTErpaioB (2), OJHAKO BHEIIHHE WHTErPAlbl HMMEIOT JIOrapUPMUICCKYFO
0COOCHHOCTH. J1JIs1 MX BBIUMCIICHHS TPUMEHEHHI CIIeIMaNIbHBIE KBaApaTypHbie dhopMmyibl ["aycca
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[6], a Takke moaxoxd, omucaHHbIM B [8]. Pa3pabGoranHbiii MeTon ObUI NpPUMEHEH najiee IS
aHajM3a CBOOOIHBIX KOJIEOaHUN 0007I0UYEYHBIX KOHCTPYKITHH.

2. YncneHHBIH aHAJIM3 U 00CYKIeHHe Pe3yJIbTaTOB.

PaccMoTpensl mumHApUYecKO-KOHUYecKue obOomouku (puc. 1.) 3gech R1 m Rz —
MEHBIIMHN ¥ OOJBIINN paJMyChl KOHMYECKOH 9acTh, R2 3T0 Takxke paauyc mummHapa, 6=90°—aq —
TOJIOBMHA yTJia MPH BepIIMHE KOHyca, H — BricoTa coctaBHOM 00o0souku, H1 u H2 — BBICOTHI
KOHMYECKOM | ImiauHApuyeckod wyacred, H= Hi + H2. O06e o000509ku OTHECEHBI K
LUAJIUHIPUYECKOU CUCTEME KOOPIMHAT (p, ®, Z). Jliist Bcex nmanmpHeHmmx BerauciaeHuid o =60°,

H1/R2=1.0, R1=0.5m u H1= 1m. [{ns H2 mel paccmarpuBaeMm cieayromue 3HaueHus Hz = 1, 0.5,
0.25,u 0.1 m.

Ha mnepBom »srame ompeneneHo HEOOXOAMMOE YHCIO TPAaHUYHBIX DSJIEMEHTOB IS
HAXOXICHMSI COOCTBEHHBIX YACTOT C 3aJaHHOI TouHOCThIO. TouHOocTh & =107 mocrmraercs,
KOT'/Ia YHCIIO TPAHUYHBIX 3JIEMEHTOB BIOJb CTEHKU 0Oonouku paBHO 100, Bmons guuma 120, u
BIIOJIb pajyca cBOOOIHOW moBepxHOcTH Takxke 120. B Tabnm. 1 moka3zaHo cpaBHEHHE YacTOT
O0CECHUMMETPHYHBIX KONEOAHWH >KUIKOCTH B HUIMHApUYEecKord obomouke ¢ Hi=1l m, Ri=1 M,
MOJTYYCHHBIX C HCIOJIh30BAaHUEM pa3pabOTaHHOTO 3/IeCh METOJa M aHATMTHYECKON (POPMYIIBI,
MIPUBEJICHHOM B [2].

Tabnuua 1
YacToThl 0CECHMMETPUYHBIX KOJI€OAHUH JKUJKOCTH B IWJIMHAPUYECKON 00osiouke, Hz
Meron n=1 n=2 n=3 n=4 n =5
MIS 3.815 7.019 10.180 13.333 16.480
AHATMTHYCCKUH | 4 g4 7.016 10.173 13.324 16.470
METO[I

B tabn. 2 mpuBeneHbl 3HaYEHUS TIEPBBIX CEMH YaCTOT KOJIEOAHWH COCTaBHBIX 000JIOYEK
IIpU pa3HbIX JUIMHAX LUIuMHApuYeckod uvactd Hz. Ha puc.l nmokasanel nepBas M BTOpas

HEOCECUMMETPUYHBIE (POPMBI KOJIeOaHU CBOOOTHON MTOBEPXHOCTH.

Tabmuia 2
YacToThl HEOCECUMMETPHYHBIX KOJICOAHUH KUIKOCTH, HZ
n
H2
1 2 3 4 5 6 7
1.0 4.247 7.2352 | 9.1573 | 10.726 | 12.089 | 13.312 | 14.433
0.5 4.145 7.2305 [ 9.1531 | 10.721 | 12.083 | 13.306 | 14.425
0.25 4.000 7.2146 | 9.1491 | 10.718 | 12.081 | 13.303 | 14.423
0.1 3.831 7.1538 | 9.1203 | 10.704 | 12.073 | 13.299 | 14.420
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Tabmuma 3
YacToThl IIpH pa3JIMYHLIX 3HAYCHHUAX IMapaMCTpa NCPErpys3Kku, Hz
a/n 1 2 3 4 5 6 7
1 6.13 8.37 9.45 10.24 10.88 11.42 11.89
2 8.67 11.84 13.37 14.48 15.38 16.14 16.81
3 10.61 14.50 16.37 17.74 18.84 19.77 20.59
7 16.21 22.15 25.01 27.10 28.78 30.20 31.45

B Tabn. 3 maH aHanM3 M3MEHEHHsI YacTOT MNPH PA3JIMYHBIX 3HAYCHUSIX MapameTpa
neperpy3ku npu H =0.1.

PesynbraThl BBIYHMCICHHI, TPUBEACHHBIE B JTOH TaOJUIlEC, MOKAa3bIBAIOT, UYTO MpPH
YBEJIMUYCHUH TEPETPY30K MPOUCXOIUT POCT YACTOT CBOOOTHBIX KOJICOAHHH KUIKOCTH.

BeiBOABI

Pa3paboran meTon ompenencHuWs 4acTOT U (GopM KOJICOAHWH COCTaBHBIX 00OJIOYEK
BpalllcHHs. 3ajada CBEJCHA K PEIICHUIO CUCTEMbl CHHTYJSPHBIX HHTEIPAIbHBIX ypPaBHCHHI.
[Toxxoa OCHOBAaH Ha MPUMEHCHHHM METOJA TPAHUYHBIX 3JeMEHTOB. OTMETHM, YTO IS JaHHOM
3aJ]a4uy HEW3BECTHBI aHAIMTUYECKUE pelieHus. MccnenoBanbl CBOOOIHBIC KOJIECOAHUS KUIKOCTH
B COCTaBHBIX O0OJIOUKAX BPAICHHUS, COCTOSIIMX W3 MWIMHIPHYESCKOH U KOHHUYECKOW YacTew.
JlaH aHANMM3 BIMSHUS NEPErpy30K HA YaCTOTHI KOJICOAHUSI COCTABHBIX 000J04eK. B nanmpHeiimem
npeoiaraeTes yaectb 3pQeKT ynpyrocTa CTEHOK.
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