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KBA3IMETO/J MOHTE-KAPJIO I KYBATYPH
JJIsA CEPEHIUIIOBUX ITOJITHOMIB

Y pobomi pozensdaromvcs cepenOunogi noniHomu (Cmanoapmui ma aibmepHamueHi)
opyeozo i mpemvoeo nopsaokis. Keazimemoo Moume-Kapno nobyoosano na 6a3i keadpamnoz2o
00uUCTI08ATLHO20 WabNoHa | cmpamugikosanoi eubipku i3 des’smu anaikam. Hasedeno mpu
cnocobu KoucmpyiosanHs Kyoamypu 3a eepcielo Hviomona-Komeca. Ilposedeno ananiz
pe3yabmamie mecmyeanHs Kyoamypu 3 ypaxy8aHHsam cneyupiunux enacmueocmeul i xapaxkmepy
NOBEOIHKU CepeHOUuno8Ux HNOBEPXOHb HA 2panuyi i 6cepeOuni HOCIA. 3HAUOeHO Npocmy
BANENHCHICIb MIJIC CepeOHbOI0 ANnaiKamoio NOGEPXHI I OAPUYESHMPUUHOI ANIIKamow (y yeumpi
keaopama). Kinoxicms HeoOXIOHUX 8Y371i8 IHMe2PYBaHHs 36e0eH0 00 00H020. B yvomy eunaoky
kyoamypa Hweromona-Komeca eusgnaemocs 6Oinvwi eghexmusHoro, Higxe xyoamypa Iaycca-
Jlesxcanopa.

Knrouosi  cnosa: «easimemoo Monme-Kapno, cepenounosi enemenmu 0Opyeoeo i
Mpemvbo2o NOpsOKi8, 00HUCTIO8ANbHUL wabnoH, Kybamypa Heromona-Komeca, yenmposanuii
eemenm,; cmpamug)ikosana eubipka aniikam.
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KBASUMETO/I MOHTE-KAPJIO U KYBATYPBI JUIs1 CEPEHAUIIOBbBIX
INOJIMHOMOB

B pabome paccmampusaiomcs — cepeHOUno8vl  NOIUHOMbL — (CmaHOapmHvle U
anbmMepHaAmueHvle) 8Mopo2o U mpemve2o nopaokos. Keazumemoo Moume-Kapno nocmpoen Ha
base K6aOpamHo20 GbIMUCIUMENbHO20 WAOIOHA U CMPAMUPUYUPOBAHHOU BLIOOPKU U3 OeAmu
annaukam. Ilpugedenvl mpu cnocoba Kowcmpyuposauus Kybamypwl no eepcuu Hvromona-
Komeca. Ilposeden ananuz pe3ynibmamos mecmupo8anus Kyoamypbi ¢ yuemom cneyugpuieckux
ceolicme u xapaxmepa NnoGeoeHus. CepeHOUNOBbIX NOBEPXHOCMel HA Zpanuye U 8 cepeoune
Hocumens. OOnapydcena npocmas 3a8UCUMOCb MeXHCOY CpeOHell annauKamou n08epXHOCMU U
bapuyenmpuueckol annauxamotl (6 yewmpe keaopama). Konuvecmgo HeoOX0OUMbIX Y3108
UHMeZPUPOBAHUsL C8e0eHO K 00HOMY. B smom cayuae kybamypa Hviomona-Komeca ssnaemcs
bonee a¢ppexmusnotl, uem kyoamypa I aycca-Jlesxcanopa.

Kniouesvie cnosa: keasumemoo Monme-Kapno; cepenounosvl siemeHmsl 6Mopo2o u
mpemve2o  NOpAOKOS8,  BbIYUCIUMENbHLII  wabnoH,  kyoamypa  Hviomona-Komeca;
YEeHMPOBAHHYLIL DIeMEHM; CMPAMUPUYUPOBAHHASL 8bIOOPKA ANNAUKAM.
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MONTE-CARLO QUASI-METHOD AND CUBATURES FOR SERENDIPIC
POLINOMIALS

The overwhelming majority of calculations by Monte-Carlo method is done with the use
of pseudo-random numbers (quasi-random points). Practice has shown that in some cases it is
better to refuse from modelling real random process and to use artificial model instead.
Computational templates and cubatures with quasi-random nodes of integration are considered
in the paper. With concrete examples of biquadratic and bicubic polynomials it is shown that
sequence of quasi-random points gives better results. It is a known fact and the essence of
Monte-Carlo quasi-method. The Monte Carlo quasi-method is based on a square computational
template and a stratified sample of 9 applications. There are 3 ways to design the cubature
according to the Newton-Cotes version (the Newton-Cotes procedure, the hierarchic procedure
on the basis of nodal proportionality, quick algorithm for centered templates). The analysis of
the results of cubature testing is carried out taking into account the specific properties and
behavior of the serendipic surfaces at the border and in the middle of the carrier. A simple
relationship was found between the mean surface application and the barycentric application (in
the center of the square). The number of necessary integration nodes is reduced to one. In this
case, the cubature of Newton-Cotes is more effective than the cubature of Gauss-Legendre.

The algorithm of The Monte Carlo quasi-method for quick determination of per-node
distribution of even volume force of serendipic elements of biquadratic and bicubic
interpolations is built. There is reason to believe that Zienkiewicz was wrong as to the role of
out-of-node parameters. It turned out that barycentric application determines ““upon the
average” the character of nonstandard serendipic surface.

Keywords: Monte Carlo quasi-method; serendipic elements of the 2@ and 3 orders;
computational template; cubature of Newton-Cotes; centered element; stratified sample.

IHocTanoBka nmpodJiemu

[lepeBaxxna OuMBHIICTE pO3paxyHKiB 3a MeTogoM MonTe-Kapmo 3miiicHIoeTsCs 3
BUKOPHCTAHHSAM ICEBIOBUMAIKOBUX YKceN (KBa31BUIIAIKOBUX TOYOK). [IpakTHka CBIAYUTS, 1110 B
JeSIKUX BUIAIKaxX Kpalle BiIMOBHUTHCH BiJl MOJEIIOBAHHS PEAIIbHOTO BUIAIKOBOTO MPOIECY i
3aMICTh IILOTO CKOPUCTATUCA IITYYHOIO MOJEeI0. B poOoTi po3risaaroThCcsi 00YHCIIOBANbHI
1a0JIoHu 1 KyOaTypu i3 KBa3iBHITAJKOBHMHU By3JIaMH iHTEerpyBaHHA. Ha KOHKpETHHX NpUKIIanax
OikBaJipaTUYHUX 1 OIKyOIYHMX CEpPEHAMIOBUX TIOJIHOMIB TOKa3aHO, IO IOCTiJOBHICTh
KBa31BUMAJKOBUX TOUOK Ja€ Kpamli pe3ynbraTd. lle Bimomuii ¢akt i came B LIbOMY CYyTb
kBazimetonmy Monrte-Kapno. Ha kBagparnomy mabnoni (IXI<1, lyI<1) cdopmynsoBaHO
MPABWJIO JIEB’ATH aIUTIKAT IS MOJIIHOMIB JAPYroro i TpeThoro nopsakie. Crerudika moBeAiHKA
CEepPEHIMIOBOI MOBEPXHI HA TPAaHMII 1 BCEPEIWHI HOCIS JI03BOJISIE 3HAWTH TPOCTY 3aJEKHICTh
IHTETpaJbHOI XapaKTePUCTUKU JIMIIE BiJ ONHi€l amymikaTh B LeHTpi Hocig. lLle piaxicHuit
BHIAIOK, KoJiu KyOaTypa HeroTona-Korteca edexruBHimia 3a kydatypy ['aycca-Jlexxanapa.

AHaJi3 monepeaHix J0CaiIKeHb i myOaikamin

Kopucny iadopmarito npo kBazimeroq Monrte-Kapio (tepmin I'. Cekest) MokHA 3HANTH

B [1-3]. CepennumnoBi eneMeHTd B MeToAl ckinueHHux enemeHTiB (MCE) Bimomi 3 1968 p. [4].
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Cnouatky 11e Oyiu numie cragaaptHi mojaeni. Y 1982 p. [5, 6] Bmamocsi CKOHCTPYIOBaTH MepIIi
IbTEPHATUBHI MojeNi. 3apa3 albTepHATUBHUX MOAENeH — 0e3miu, Xoua Majlo XTO 3HAE MPO HUX.
HoBux 1mikaBux 3amau Takox 6e3miv. OmHa 3 HUX — 1€ 3a/1a4a Mpo 1HTEeTpaibHI XapaKTEePUCTHKU
cepeHaunoBuX moniHoMmiB. [IpaBmino aeB’stu ammikar [7] MoaudikoBaHO TaKMM YHWHOM, 00
3a0€3NeYnTH IMIBUAKICTh 1 TOYHICTh TOJBIMHOTO I1HTErPYBaHHsS CEPEHAMIIOBHX IIOJIIHOMIB
JPYTOTO i TPETHOT'O HOPSIIKIB.
Meta pocJaixKeHHs

CkoHCTpyOBaTH MpUAATHI U KBaziMerony Monrte-Kapio o0uucmtoBanbHUN M1a0I0H 1
kyOatypy Hrrorona-Koreca, siki CpoCTOBYIOTH KaTETOPHUYHY IyMKy IIpO TepeBaru Bepcii
laycca-Jlexannpa. Pe3ynbTatu CTOCYIOThCS K CTaHJApTHUX, TakK 1 aJbTepHATUBHUX
CEPEHAUIOBHX MOJIIHOMIB JPYTOro 1 TPETHOTO MOPSIIKIB.

BukianeHHs1 0CHOBHOI0 MaTepiary J0CTiXKeHHS

B wmaremaTtumi Bimomi mochimoBHOCTI [2, 3] HBOBUMIPHHUX HEBHUMNAJAKOBHUX TOYOK

Q1 Qy, ..., Q,,, IS IKUX Ma€ MiCIIE PIBHICTb:

D ” X, y)dxdy = I|m Zf Q). 1)

OOnll

Taky mociioBHICTh Ha3WBAIOTh PIBHOMIPHO posnoAiieHor B obnacti D. baxkano, mo0
piBHOMIpHICTH po3TramryBaHHA Touok Q, Q,, ...,Q, B D mama micie He TuIBKH mpu N — 0, a

MOYHMHAIOYM 3 HEBEIHMKOTO N, 1 mo06 Toukn Q, moctatHhO mpocTo obumcmoBanuck. Bubipkose

apu@MeTHUYHE CEepelHE alpOKCUMYy€E€ MaTeMaTH4YHE CIOAIBaHHS (PYHKII BUIIaJKOBOTO BEKTOpa
HE TIJBKK TOJ1, Koiu mocmifoBHicTh Qy, Q,, ..., Q, BHmagkoBa i piBHOMipHO po3moniieHa B D.

JoctaTHbO 3a0e3MeyuTH JHIlle PIBHOMIPHUN pO3MOMIN 1i€i MOCTHiAOBHOCTI. B KOHKpeTHHX
3aadax MOCHTIIOBHICTh KBa3iBUIAJKOBUX TOYOK YacTO Jae Kpamii pesynbrat [1, 2]. Hamra
3a/1aya nossirae y mo0yoBi Kyoatypu Ui OI[iHKHM iHTerpaa:

| zé ([N (x,y)ds 2)

ne S — muoma ksaapata D QX|£1,|y|£l); N,(x,y) — 6asucna QyHKUis cepeHAUNOBOT

IHTEPHOJIALIT , 10 ACOLIIOETHCS 3 BY3JIOM i.

Mu po3risiHeMO KOHKPETHI IMOJIIHOMU Ni(x, y) uist O1KBagpaTU4HOI iHTepronsuii (8
By3JiB) Ta OikyOiuHOi iHTeprossii (12 By3miB). dakTuyHO BiOyBaeThCs 3aMiHa 1HTErpasa
iHTerpangpHoIo cymoro. Lleit mpuitom no6pe Bimomuii 3 yaciB Kemnepa. TounicTh Takoi 3amMiHK
3aJIEKUTh BiJ] BaroBUx KoediIieHTIB 1 KiUIbKOCTI moxaHkiB. JloOpe, Koiau 3amicTh
apu(MeTHYHOro ycepeaHeHHs (mpocta BHUOIpKA) BUKOPHUCTOBYIOTH 3Ba)KEHE YCEpETHEHHS
(crpatudikoBana Bubipka). KyGaTypu MOXKYyTh CYTTEBO 3aJI€KaTH BiJ BJIACTUBOCTEH IMOJIHOMIB
N, (X, y). Harangyemo npo BIacTHBOCTI:

N; (X, Vi) = Sy ZN X, y)=1 3)

Je M — KiIbKiCTh 0asucHuX GyHKIN; &;;, — cumBoa Kponekepa; i — Homep yHKIii, K — HOMED
By3J1a IHTEPHOJIALII.
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Jlo mporo Tpeba M0MaTH BIACTHBICTh MIDKEJIEMEHTHOI HemepepBHOCTI. Came 11
BJIACTUBICTh "'IPUXOBYE" MPOCTY 3aJIEKHICTh MK IHTErpaJIbHUM CEPEIHIM MOJIIHOMA Ni(x, y) 1

OapUIICHTPUYHOIO ATUIIKATOIO Ni(O;O) MTOBEPXHI.
[lepeiineMo 10 KOHCTpyIOBaHHA KyOaTypHOi ¢opMmyiu (IpaBWJIO JAEB’ATH aIUIIKaT).
OyYHKII0, 0 1HTETPYETHCS, MO3HAYMMO Yepe3 f(X, y):Ni(X, y). [Ilo6 oTpumaTH TOBHHIA

CHEKTp IHTErpajbHUX XapaKTEPHCTUK, JOCTATHHO MPOIHTErpyBaTH JUIIE "KYTOBi" MOTIHOMHU
(i=1, 2, 3, 4). B sKkocTi OOYMCIIIOBAIBHOTO IMA0JOHA BI3bMEMO EIIEMEHT JIarpaHkeBoOl
0iKBagpaTUYHOI iHTEpIosLii (puc. 1, a).

4 7 3 4 7 3 4 10 9 3
® o ® ® o ® ® ® ® ®
y y y
1@ @3
Sa 6 Se [ 11}
0 X ¢ X X
120 @7
([ L o ® ® ® [ o o ®
1 5 2 1 5 2 1 5 6 2
a) b) c)

Puc. 1. a) o0uuncawBaabHuii madgao0H; b) cepeHanIIiB eJieMeHT APYyroro nNopsijaKy;
€) CepeHIMIIB eJIeMEHT TPEeThOro MOPAAKY.

3BepTaEMo yBary Ha piBHOMIPHHM PO3IOJUT BY3/iB IHTETPyBaHHS Ha OOYHCIIOBAJILHOMY
mabsoHi (puc. 1, a). Mu nokaxemo Tpu criocodu Mooy 10BM KyOaTypH.

1. Ilpoyeoypa Hvtomona-Komeca

[IIo6 orpumartu BaroBi koe(ilieHTH CTpaTH(iKOBaHOT BHOIPKM JOCTaTHHO MaTH TpPHU
¢dbyukmii Jlarpamxka (puc. 1, a):

N, (6,y) =5 A= x)a-y) -5
N(x y)=%(1—x2)(1— y)-y:

N,(x,y)= (1—x2X1— yz).

IHTerpanbHe ycepeJHEHHs Aae: ;= 3_16’ 1=12,34; y= %, i=56,7,8; 70:% .

Takum ynHOM, KyOaTypa Mae BUTIISII:

— 4 1 & 1
f=—"fg+—- ) f.+=-
9 Z 9

36 ~ i fi' (4)

8
i=5
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ne f — cepenHs arutikata MoBEpXHi Ni(X, y) CEPEeHIUTIOBOI 1IHTepHONAIil (OiKBaApaTUIHOI a00
0iKy0i14HOT).

2. Iepapxiuna npouedypa Ha 0cHO8i n08y3710801 NPONOPUIliHOCMI

Ha puc. 2 nokasana iepapxist 004uCIIOBaIbHUX 1a0JIOHIB

1 2 3 4
Puc. 2. Iepapxis 00unc/r0BaIbHNX MA0JI0HIB.

Komenrtap: momens 4 — 1e 3BaxeHe ycepemHeHHs mogenedt 1 1 2 3 koedimieHTaMu

[EN

. . 4 . o . ..
BIJIIIOBITHO A 1 =; Momenb 5 — IIe 3BaKeHE ycepeaHeHHsI mojenei 3 1 4 3 koedimieHTaMu

(6]

BiI[l'IOBiI[HO% 1 g B pesynbrari otpumaemo kyoatypy (4).

3. llleuokuii anzopumm 011 yeHMpPOBAHUX UIAONOHIE
[To3naunmo yepes x Bary KyTOBOI'O By3Ja Ta 3alIMIIEMO PIBHSHHS BaroBoro OajaHcy Juis
mozeni 5 (puc. 2):

4x+16X+16x =1, x:i.
36

Sk 6auumo, (4) — e JBOBUMIPHHMI aHAJIOT BiJIOMOTO IpaBuia MapaboJiYHUX Tpameuin
(Cimricona). 3 TOYKH 30py MAaT€MaTHYHOI CTaTHCTHKHU (4) — 11e BUOIPKOBE cepeaHeE 13 JeB’SATH
arulikaT MpaBWIBHO cTpaTudikoBaHoi BUOipku. CroBO "MpaBWIIbHO" 03HAYa€ MiATBEPIKECHHS
rimote3n nudysiiHoT "TaMHu" y cxeMax BHITaJIKOBUX OJyKaHb 3 MOTJIMHAIOUYMMH Bysiamu. lle
Mae mpsMe BinHomeHHS A0 meroxy Monte-Kapno. lns nepeBipku dopmynu (4) posriissHeMo
JIBa CTaHJIAPTHUX CEPECHIUIIOBUX ToyiHOMA [4]. KyToBHii mosiiHOM OiKBaapaTUYHOT 1IHTEPHOIAIIIT
Ma€e BUTIIS:

Ny(y) =3 (0 x)L- )1 x-y).

- 4 1 1 1 .
®opmyna (4) nae f=—-|-=|+—-1+=-0=——, WO CHIBOaJa€ 3 MaTeMaTUYHUM
9 4 9 12
CHoJliBaHHAM (KyTOBUM ''HaBaHTaxeHHsM'') [4]. 3po3ymino, 10 By3j0Be 'HaBaHTa)XCHHSA' Ha
. . . 1
MPOMIXKHUI By30J]1 IOPIBHIOE 3

KyToBwuii noninoM 6iky0i14HOi IHTEPHOALIT Ma€ BUIIISIA:

N, (x, y):é(l— X)L - y)(g(x2 + yz)—lo).
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9 9 8 8
MaTeMaTHYHUM crofiBaHHsAM [4]. Ilpuknaau 3 aJbTepHATUBHUMU Oa3ucaMH CEPEHIUINOBHX
MoJIeNieH MiITBEPAKYIOTh a0CONIOTHY TOYHICTh KyOarypu (4). J{i1s anbTepHaTUBHUX MOJeNeH 3
PI3HOMaHITHUM peNbe()OM MOBEPXOHb BaXKJIMBO 3HAWTHU MPOCTY 3aJI€KHICTh CEPEHBOI allliKaTH

@®opmyna (4) nae ?:i'(—iJ-f-:g—lG'l-‘rl'(—lj:—l, 0  cHiBHajae 3

f Big GapHIIEHTPUYHOI aruTikaTh f. L[ 3a1ekHICTh Ma€e BUTIIS;

1

st etementa Q8:  f = 4. fo+ 1. s enementa Q12;  f = % fo+ %

9 36"

BucHoBkH
[TobynoBano anroputm kBazimeTtona MonTe-Kapio ans mBHIKOrO BU3HAYEHHS CIIEKTPY
BY3JIOBUX ''HaBaHTaXeHb' cepeHaunoBux ememeHtiB Q8 1 Ql2. € mixcraBu BBaxatu, 0O
O. 3eHkeBUY [4] MOMUIISABCS MO0 POJTI HEBY3JIOBUX IMapaMeTpiB. BusBiseThes, mo f, BU3HAYae
"B cepeIHbOMY'' XapaKTep HECTAHIAPTHOI CEPEHIUIIOBOT TOBEPXHI.

CnHcok BUKOPHCTAHOI JiTepaTypu

1. Cexeii I'. Ilapagokcel B TeopuH BepoaTHOCTEH 1 MaTemarndeckoit cratuctuke / I'. Cekeld. —

M. : Mup, 1990. — 240 c.

Co6omnp 1. M. Merox Monte-Kapno / . M. Co6onb. — M. : Hayka, 1985. — 80 c.

3. Cob6onp U. M. Touku, paBHOMEpHO 3amnoiHsomme MHoromepHsiit kyo / M. M. Co6omnb. —
M.: 3uanue, 1985. —32 c.

4. 3enkeBnd O. MeTon KOHEUHBIX 2NieMeHTOB B TexHuke / O. 3enkeBny. — M. : Mup, 1975. —
541 c.

5. Xomuenko A. H. Hekotopsie BeposiTHOcTHBIE acniekTsl MKD / A. H. Xomuenko. — MBaHo-
@paHKOBCKMIA HMHCTUTYT He(pTH U ra3a. — lVBaHo-@pankoBck, 1982. — 9 c. —
Henonuposano B BUHUTU. 18.03.82, Ne 1213.

6. Xomuenko A. H. MeTox KOHEUHBIX 3JIEMEHTOB: cTOXacTuueckuit moaxon / A. H. XomueHko.
— VBaHo-®paHKOBCKUI MHCTUTYT HepTH U raza. — MBano-®Opankosck, 1982. — 7 c. —
HenonupoBano 8 BUHUTH. 15.10.82, Ne 5167.

7. Xomuenko A. H. IlpaBuno mnapabonuyeckux Tpameuuid u KyoOarypHbie (opmynsl /
A. H. Xomuenko, H. B. KoBaib // ['eomerpuune MozentoBanHs Ta iH(popMaIiiiiHi TEXHOIIOTI].
HaykoBuit xypnan. — Ne 1(3). — Muxonais: MHY im. B.O. Cyxomnuncekoro, 2017. —
C. 145-148.

N

References

1. Sekey, G. Paradoksy v teorii veroyatnostey i matematicheskoy statistike. Mir. Moscow.
(1990)

2. Sobol, I. M. Metod Monte-Karlo. Nauka. Moscow. (1985)

3. Sobol, I. M. Tochki. ravnhomerno zapolnyayushchiye mnogomernyy kub. Znaniye. Moscow.
(1985)

4. Zenkevich, O. Metod konechnykh elementov v tekhnike. Mir. Moscow. (1975)

5. Homchenko, A. N. Nekotorye veroyatnostnye aspekty MKE. Ivano- Frankovskiy institut nefti
i gaza. lvano-Frankovsk. Deponirovano v VINITI. 18.03.82, Ne 1213. (1982)

6. Homchenko, A. N. Metod konechnyh elementov: stohasticheskiy podhod. Ivano-Frankovskiy
institut nefti i gaza. lvano-Frankovsk. Deponirovano v VINITI. 15.10.82, Ne 5167. (1982)

7. Homchenko, A. N., Koval, N. V. Pravilo parabolicheskih trapeciy i kubaturnye formuly.
Heometrychne modeliuvannia ta informatsiini tekhnolohii. 1(3), 145-148. (2017)

127





