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3axiTHOyKpaiHCHKHI HAI[lOHAJIBHII YHIBEPCUTET

MOJEJIOBAHHS JU®Y3IMHUX MPOIECIB METOJOM I'lEPUJIHOTO
IHTETPAJIbHOT'O IEPETBOPEHHSA TUITY EMJIEPA-BECCEJISI HA CETMEHTI

Ha nuniwnvomy emani HayKo80-mexHiuHO20 Npocpecy BUHUKAE HEOOXIOHICMb O0CHIONCeHHS Qi3UKO-MEXHIYHUX
XApaKmepucmux KOMnO3UMHUX Mamepianis, sKi 0edani yacmiuie UKOPUCMO8YIombCsi O 6UPOOHUYMEA PI3HUX Oemainell.
Mooenosanms QizuuHUX NPOYeECia y MaKux Mamepianiax, 30Kpema npoyecy Ou@ysii, MamemamuyHo npu3eo0ums 00 3a0ayi
PO368 A3VBAHHI CENapamuol cucmemu OUPEPeHYiaIbHUX PIBHAHb 3 YACMUHHUMUY NOXIOHUMU OpPY2020 NOPAOKY Nnapadoniy-
HO20 MUny HA KYCKOGO-00HOPIOHOMY IHMEPSALL 3 NeGHUMU NOYAMKOGUMU Md KPAUOSUMU YMOBAMU, OCKLIbKU OJist PI3HUX
Mmamepianie izuuni npoyecu onucylomsca pisHumu oughepernyianoHumu onepamopamu. OOHUM i3 HAUOLIbLU eheKMUBHUX
MEMOo0i8 00epIIcanHsi IHMeZpaibHUX 300PadiceHb AHATIMUYHUX PO36 SI3KIE ANI2OPUMMIYHO20 XApaKmepy maxkux 3a0ay mame-
MamuyHol Qizuru € Memoo 2iOpUOHUX THMeSPAIbHUX NEPEMBOPEHb, KU BUHUK V Opyeitl nonouni 20 cmonimmsi.

Y yitt pobomi odepoicano pose azox sadaui oughysii na osockradoeomy ceemenmi [0;R,] 3 odnieio mouxoro cnpsi-
JICEHHSL 30 OONOMO2010 2iOPUOH020 iHme2patbHo20 nepemsopenis Einepa-beccens.

Mamemamuune mooentoanus OUGy3iiHUX npoyecie 8 OBOKOMNOHEHIMHUX MAMEPIanax MamemMamuyHo 03HAYAe
nobyoysamu oomedxiceHull po3e A30K cenapamuoi cucmemu 080X OughepeHyiarbHux pisHAHb 3 YACMUHHUMU NOXIOHUMU
napaboniuHo20 Muny 3 NeGHUMU KpAuoGUMU YMOBAMU, NOYAMKOBSUMU YMOBAM Md, YMOBAMU CHPAdICEHH. 3acmocysasuiu
00 maxoi Kkpailoeoi 3adaui nodyoosamne 3azdaneziov 2iopuone inmeepanvhe nepemeopenus Etinepa-Beccens na cee-
MeHmi, Mu 00epaicyemo 3adawy Kowi 015 36uuaiinoeo oughepeHyianbHo2o pieHsaHHs. SHauuoswu po3e sa30k 3aoayi Kowi,
MU 3ACMOCOBYEMO 00 Hb020 0bepHeHe 2ibpudne inmezpaivhe nepemsopenns Einepa-beccens.

Ipsime 2ibpudne inmeepanvhe nepemeopenns Eilnepa-Beccenst na ceemenmi 3 00HIEN MOYKOIO CRPSINCEHHSL MOJICHA
sanucamu y @uenaoi Mampuyi-psioka. AKujo npu ybomy 6UXiOHy CUCmeMy ma NOYAmKoO8i YMOGU 3aNUCAmu 8 MAmpuy-
Hill hopmi, mo, 3acmocosasuiu 00 Makoi 3a0aui ONEPamopHy Mampuyio-psiooK 3d NPAGULOM MHOICEHHS MaAMpUulb,
MU 6 pezyivmami ompumyemo 3a0auy Kowi 0ns 36uuaiinozo ougepenyiaibioeo pieHsHHS Nepuiozo NopsoKy, SKd
HeCKNaoHo po36’sizyemucs. Axwo 3anucamu obeprene 2ibpuone inmezpanvhe nepemsopenis Eiinepa-bBeccens y euensoi
OnepamopHoi Mampuyi-cmosnys, mo, 3acmocy8aguiu o020 00 00epIHCaH020 po38 a3Ky 3adaui Kowi, nicis 30iicHenHs
eNLeMEHMAaPIUX NePemeopetsb, Mu 00EPICYEMO EOUHULL PO38 30K BUXIOHOL 3a0ai 8 AHATIMUYHOMY GUTISIOL.

Tlobyoosani po3s ’a3Ku Kpaogux 3a0ay Maroms aleopUmMMmMIYHULL Xapaxkmep, wo 00360J1A€ UKOPUCOBYBAMU iX AK
V meopemudHux 00CIiONCEHHSX, MAK | 8 YUCTOBUX PO3PAXYHKAX.

Kniouosi cnosa: 2ibpudnuii oupepenyianvruti onepamop, 3aoaua ougysii, 2iopudne inmezpaivhe nepemeopeHHs.
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MODELING OF DIFFUSION PROCESSES BY THE METHOD OF HYBRID INTEGRAL
TRANSFORM OF EULER-BESSEL TYPE ON THE SEGMENT

At the current stage of scientific and technical progress, there is a need to study the physical and technical characteristics
of composite materials, which are increasingly used for the production of various parts. Modeling physical processes in such
materials, in particular the diffusion process, mathematically leads to the problem of solving a separate system of partial
differential equations of the second order of the parabolic type on a piecewise homogeneous interval with certain initial and
boundary conditions, since for different materials physical processes are described by different differential operators.

One of the most effective methods of obtaining integral images of analytical solutions of the algorithmic nature of
such mathematical physics problems is the method of hybrid integral transforms, which arose in the second half of the
20th century.
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In this work, the solution of the diffusion problem on the two-component segment [0, R ] with one point of conjugation
is obtained using the Euler-Bessel hybrid integral transform.

Mathematical modeling of diffusion processes in two-component materials mathematically means constructing a
limited solution of a separate system of two partial differential equations of the parabolic type with certain boundary
conditions, initial conditions, and conjugation conditions. Applying to such a boundary-value problem the previously
constructed Euler-Bessel hybrid integral transform on a segment, we obtain the Cauchy problem for an ordinary
differential equation. Having found the solution of the Cauchy problem, we apply to it the inverse Euler-Bessel hybrid
integral transform.

The direct Euler-Bessel hybrid integral transform on a segment with one point of conjugation can be written in the
form of a row matrix. If at the same time the original system and initial conditions are written in matrix form, then, applying
the row operator matrix to such a problem according to the rule of matrix multiplication, we get the Cauchy problem for an
ordinary differential equation of the first order, which is easily solved. If we write the inverse Euler-Bessel hybrid integral
transform in the form of a column operator matrix, then, applying it to the resulting solution of the Cauchy problem, after
performing elementary transformations, we obtain a unique solution of the original problem in analytical form.

Constructed solutions of boundary value problems are algorithmic in nature, which allows them to be used both in
theoretical studies and in numerical calculations.

Key words: hybrid differential operator, problem of diffusion, hybrid integral transform.

ITocTranoBka nmpodJjemMu

Ha tenepimHpoMy eTari HayKOBO-TEXHIYHOTO MPOTPeCy BHHUKAE HEOOXiTHICTH JOCIIKSHHS
(h13UKO-TEXHIYHMX XapaKTEPUCTUK KOMITO3UTHUX MaTepiajiB, siKi Ie/1ajli 4acTiIle BUKOPUCTOBYIOTHCS
JUIs BAPOOHUIITBA Pi3HUX JeTanell. MonenoBaHHs (Pi3MUHUX MPOLECIB Y TAKUX MaTepiaiax, 30KpemMa
nporecy audysii, MaTeMaTHYHO MPHU3BOIMUTH JO0 3a/adi PO3B’SI3yBaHHS CEMapaTHOi CHCTEMH Jude-
PEHLIAJbHUX PIBHAHb 3 YACTMHHUMM MOXIJHUMHU JIPyroro MopsaaKy napabosiyHOro TUIly Ha KyCKO-
BO-OJTHOPIIHOMY IHTEpBaJi 3 MEBHUMHU [TOYaTKOBUMHU Ta KpaoOBUMH yMoBaMu [1—-3], OCKIIBbKY 1Jist
pi3HUX MarepiaiiB (Pi3UYHI MPOLIECH ONMUCYIOTHCS PI3HUMU AU(]epeHIialbHUMU ONlepaTOpaMH.

AHAaJi3 0CTAHHIX JO0CTiIXKeHb | myOsikanii

OpauM 13 HaWOUIBII €(EeKTUBHUX KIACMYHUX METO/AIB MOOYIOBH IHTETpalbHUX 300pa)KeHb
aHAJIITUYHUX PO3B’A3KIB KPaloOBUX 3aJad MaTeMaTHYHOI (DI3UKU HEOTHOPIAHUX CTPYKTYP € METO.X
riOpUIHUX IHTErpaJIbHUX MEPETBOPEHD, IKUH BUHUK y Apyrii momosuHi 20 cromitts. B [4] mo0y-
JIOBaHO CKiHYeHHE ribpuane interpansue nepersopenns (CI'I), mopomkene Ha cermenti [0, R, ]
3 OJTHIEIO TOYKOIO CTIpsDKeHHSI TiopuaHuM qudepeniiaasaum onepatopoM (I'J10) Eitnepa-beccens, sike
MOKHA 3aCTOCOBYBATH IS MOAETIOBAHHS PI3HUX (PI3UUHHX MPOLECIB B HEOAHOPIAHUX CEPEIOBUIIAX.
B naniii po6oti mokaszano 3acrocyBants BiamosijHoro CI'IIT 1o po3s’s3yBanHs 3a1a4i qudy3ii.

Merta nocaixzkeHHs
OneprkaTyi aHaTiTHYHUK BUIVIAA PO3B’A3Ky 3aiadi nudysii Ha qBocknanoBomy cermenTi [O;R,]
3 OJIHIEI0 TOYKOKO CIPSDKEHHS 3a JIOMOMOTOK TIOPHIHOTO I1HTETPajJbHOTO TEPETBOPECHHS THITY
Einepa-beccens.

Bux/jiageHHs1 0CHOBHOIO MaTepiaJjy I0CiXKeHHS
MogentoBanHs AuQy3ii TeI1a Ha ABOCKIAI0BOMY CEIMEHTI 3 TOUKOIO CIIPSIKEHHS MAaTeMaTHYHO
MIPUBOAMTH JI0 TOOYIOBU B 00IaCTI

D ={tr):t>0rel}, I, ={rre(0,R)V(R,R);R <x}
00MEKEHOTO PO3B’SI3KY CemapaTHOi CUCTEMH PIBHIHD 3 YAaCTUHHUMU TTOX1THUMH NTapabOoJIYHOTO TUITY [4]
aul 2 _ ZB* _ 0 R
E*"Ylul q al[ul]_.fi(tar),re( 5 1)5
ou,

=+ v, - B, , [,]= fo(t,r), r € (R, R,), (1)

https://doi.org/10.32782/mathematical-modelling/2023-6-2-9
77



ITPUKIIA/THI ITHNTAHHA MATEMATHYHOI' O MOJAEJIFOBAHHA T. 6, Ne 2, 2023

3ad [IOYaTKOBUMHU YMOBaAMH

ul(tﬂr)|t:0 = gl(r)5 re (OaRl)’

u2(t,r)|,:0 =g (), re(R,R), (2)

YMOBaMHU CIIPAKCHHS B TO‘II_Ii KOHTAKTy

0 .
[(aljl o + Bljljul - (aljz ar + B]ijuZ:| ~r =0, /=12, 3)
Ta KpallOBUMHM YMOBaMU
0
lim[7"u,] =0, [0@2 —+ B§2ju2 l_x.=0. 4)
r—0 or 2

Tyt GepyTh yuacth nudepenuianphuii oneparop Eiiepa B, Ta nudepenuianphuil oneparop
beccens B, [4].

Koedimientn, sxi 6epyTh yuacTb B MOCTAHOBIN KpaioBoi 3a1adi (1)—(4), mpupoaHbo 3a710BOb-
HSIOTH TIEBHI YMOBU 0OMexkeHHs [4].

B npaui [4] onepsxani dopmynu ans npsimoro H, it obepuenoro H,,, CI'III, mopomxenux
Ha MHOXwuHI 1, [J10

M, ., =06(r)6(R - ")afB; +0(r = R)O(R, - ")azsz,az
B
H, 8] = [V, (r,B)o(r)dr = &), (5)
0
H [0 = 2 [ OV, (B, ()P = 800, ©®

IIpu upomy nns IO M, BuBeneHa ocHoBHA ToToXkHIiCTH CIIII:
R B
HV,(O.)[MV,(Q) [g(M]]= _Bzg(ﬁ) - k12 _[g] (r)l/v,(u);l(r’ B)Glrhrldr - kz2 J.gz (r)l/v,(a);Z (r, B)Gz"zaz”d" +
0 R
+cf11 Rlzml ! [Zvl,(q);u B)o,, - Zvl,(a);zz By, ]+ (agz )" 02252 R22a2+l I/v,(a);Z (R,,B)gx- (7)
Tyt 0(x) — oqununuHa ¢yHkiis ['eBicaiina [1], ciekTpanbHa BeKTOp-(YyHKITISA
Vv,(u)(rs B) = 6(r)6(R — r)I/v,(oc);l (r,B)+0(r — R)O(R, - r)I/v,((x);Z (r,B),

BaroBa (QyHKUisl o(r), CIEKTPajIbHA LUIBHICTG Q, () @ TAKOXK 1HIII BeIM4MHY Ta (YHKLII, BU3HA-
yeHi B mparti [4].

3HaiiIeMo 1HTerpaibHe 300paKeHHST aHATITHYHOTO po3B’s3Ky 3amadi (1)—(4) meromom CI'II
tuny Eitnepa-beccens na qsockiamoBomy cermeHnTi [0, R,] 3 OIHIEIO TOYKOIO CIPSKEHHS, SIK1 IIIOTh
3a npaBuwiamu (5)—(7).

https://doi.org/10.32782/mathematical-modelling/2023-6-2-9
78



ITPUKIIA/THI ITHNTAHHA MATEMATHYHOI' O MOJAEJIFOBAHHA T. 6, Ne 2, 2023

Jns iporo moTpiOHO 3amucaTv cucTemy piBHSHB (1) Ta mouaTkoBi yMOBH (2) y HACTYMHIiH
MaTpuuHii Gopmi:

(ﬁ +7; -4/ B, Jul (t,r) fi(t,r)

ot _ (”1(”")] :(gl(r)j' (8)
(% 2 -agBV,%juz(t, | LA b)), o &)

InTerpanshuii oneparop H*), sxuii fie 3riqHo npasBmia (5), MOXKHA 300pa3suTH y BUINLAIL Ole-
paToOpHOI MaTpULI-PsAAKA:

R R,
H, ., []= [ [V B> dr [V, o (r,Bo,r™dr } 9)
0 R

3acTocyemo 10 3amadi (8) oneparopHy MaTpHUIO-psAI0K (9) 3a MpaBUIIOM MHOKEHHSI MaTPHIIb.
BukopuctaBim 0CHOBHY TOTOXKHICTb (7), MU oTpuMyeMo 3a1auy Koumri u1st 3BuuaiiHoro nqudepeHtii-
QJIIBHOTO PiBHSHHS NEPIIOTO MOPSAKY:

R

d ~ -
(E+B2Ju (t,B )+(k12 + yf) I (6,7 W, s (7, B0y el +
0

RZ

+(k22 + ’Yg) I MZ (t’r)l/v,(a)ﬂ(r’ B) 02r2a2+1dr = ./; (ta B)’

R

u |r:0: gP).

Hpunyctumo, mo max{y;;y3} =v;. Tomi moxnazemo k' =0, k; =y;-v;20. 3agaua Kouri
Halyzie BUTIISAY:

[%wz +yfja B = 7 (1.), (10)
u (t9B)|t:0= g (B)

besnocepenHbo HECKIIaMHO TEpeBIpsA€ThC, 1m0 po3B’s3ok 3amadi Komri (10) 3ammcyerbes
HACTYIHOIO (HOPMYIIOI0

0. ) = g @)+ [ (o (1

InTerpansauii oneparop H.,,,, , KU Jlie 3rigHo mpasuia (6), sk oOepHEeHHit 10 omeparopa (9),
MO’KHA 300pa3uTH Y BUIVISAL ONIEPATOPHOI MaTPULII-CTOBIILIS:

, (LW (1B, oy (BB
Hl [ ]=2|" (12)

T % ’
[V, 2 (B, (o (BYIB
0

3acTocyeMO oOmeparopHy MaTpHIfO-CTOBIEIs (12) 3a mMpaBWIIOM MHOXEHHS MaTpHIlb, 0

MaTpulli enemenrta [i (¢,B8)], ne dyHkuis # (¢,) BuzHaueHa (opmynoro (11). BukonaBmmu enemen-
TapHI IEPETBOPEHHS, O/IEPKYEMO €MHUIN PO3B’sI30K BUX1AHOT 3ana4i audysii (1)—(4):
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t R

uj(ta r) = I J. Gv,(a);jl(t -Tr, P) [.fi(Ta p) + gl(p)6+(r)]01r2al_l dp dT +
00

IRz

[ [ G =115, 0) + &:(p)S, (Do dpdr, j=1,2. (13)

0R

V piBHOCTAX (13) npucyTHI (yHKLIT BIUIMBY, HOPOAXKEHI HEOAHOPIIHICTIO cuctemu (1):

2 T (B2 v2)t .
Gv,(a);jk (ta r, P) = gJAe e I/V,(u);j (ra B)I/v,((x);k (ra B)d[?)’ ]ak = 152 (14)
0

[Tpu ubomy §, () — nenvra-pynkuis dipaka, 3ocepemxkena B Touul ¢ = 0 +. Bona Bukopucroy-
€TBCSI JIMIIE IS CIPOIIEHHS 3aIiCy PO3B’A3KY.

3ayeanicenns. Sixkmo max {y};v3} =v3,T0 k; =v; —v; 20, j =1,2, it y popmymax (10)~(14) Bupa3
(B> +y}) moTpiOHO 3aMiHUTH Ha BUpa3 (B> +y3).

BucHoBku
[To6ynoBanuii po3B’si30k (13) kpaiioBoi 3amadi (1)—(4), sika onrcye nporec audy3ii Temia y 18o-
KOMITOHEHTHOMY CEPEOBHILII, MAa€ alTOPUTMIYHUIN XapakTep, 0 J03BOJIsIE€ BUKOPUCTOBYBATH HOTO
SIK B B YACJIOBHX PO3paxyHKaX, TaK 1 B TEOPSTHUHUX JOCIIIKCHHSX.

CnucoKk BUKOPHCTAHOI JIiTepaTypu

1.  Jlentok M.II. TemneparypHi moisi B INIOCKUX KyCKOBO-OJHOPIAHUX OPTOTPONHUX obnacTsax. K.:
In-t marematukun HAH VYkpainu, 1997. 188 c.

2. Kowuer .M., Jlentok M.I1. TemnepatypHi nosst B KyCKOBO-OJHOPIAHUX IMJIIHAPUYHUX 0OJac-
Tsx. Yepnisui: [Ipyt, 2004. 276 c.

3. Jlentok M.IL., unkapuk M.I. I'iOpuani inTerpansHi neperBopenns (Pyp’e, beccens, Jlexan-
npa). Yactuna 1. Tepuoninb: Exonom. [{ymka, 2004. 368 c.

4. Hixkitina O.M. I'i6puni inTerpanbhi nepetBopeHHs tumy (Eitnepa-beccens). JIbBiB, 2008. 86 c.
(ITpenpunt. HAH VYkpainu, [n-T npuknagaux npobiaem maremaruku i mexaniku iM. S1.C. Ilin-
ctpuraga; 01-08).

References

1.  Leniuk, M.P. (1997). Temperaturni polia v ploskykh kuskovo-odnoridnykh ortotropnykh
oblastiakh [Temperature fields in flat piecewise homogeneous orthotropic regions]. K.: In-t
matematyky NAN Ukrainy. 188. [in Ukrainian]

2. Konet, .M., & Leniuk, M.P. (2004). Temperaturni polia v kuskovo-odnoridnykh tsylindrychnykh
oblastiakh [Temperature fields in piecewise homogeneous cylindrical regions]. Chernivtsi: Prut.
276. [in Ukrainian]

3.  Leniuk, M.P., & Shynkaryk, M.1. (2004). Hibrydni intehralni peretvorennia (Furie, Besselia,
Lezhandra). Chastyna 1 [Hybrid integral transformations (Fourier, Bessel, Legendre). Part 1].
Ternopil: Ekonom. Dumka. 368 s. [in Ukrainian]

4.  Nikitina, O.M. (2008). Hibrydni intehralni peretvorennia typu (Eilera-Besselia) [Hybrid integral
transformations of the (Euler-Bessel) type]. Lviv. 86. (Preprynt. NAN Ukrainy, In-t prykladnykh
problem matematyky i mekhaniky im. Ya.S. Pidstryhacha; 01-08) [in Ukrainian]

https://doi.org/10.32782/mathematical-modelling/2023-6-2-9
80



ITPUKIIA/THI ITHNTAHHA MATEMATHYHOI' O MOJAEJIFOBAHHA T. 6, Ne 2, 2023

Jlentok Oumer MuxainoBud — K.(.-M.H., JOIEHT, JOHEHT Kadeapu audepeHItiaib-
HUX PIBHAHb YepHiBEIBKOTO HallioHaJbHOrO YHiBepcuteTy iMeHi IOpis denpkoBuua. E-mail:
O.Lenyuk@chnu.edu.ua, ORCID: 0000-0001-9494-2864.

Hikitina Omera MuxaimiBHa — K.(.-M.H., JOIICHT, BUMTEIb MaTeMaTHKH UYEpHIBEIILKOTO
minero Nel wmaremarnyHoro Ta exoHoMmiuHoro mpodiniB. E-mail: o.nikitina.chv@gmail.com,
ORCID: 0000-0003-0702-0453.

Hluakapuk Mukona I[BaHOBMY — K.(.-M.H., JOIIEHT, JOLEHT Kadeapu MNpPUKIAJHOI Mare-
MaTUKU 3aXiJTHOYKpPAiHCHKOTO HalioHampHOrO yHiBepcuteTy. E-mail: shynkaryk m@ukr.net,
ORCID: 0000-0001-8191-8953.

Lenyuk Oleh Myhaylovych — Ph.D in Physical and Mathematical Sciences, Associate Professor,
Senior Lecturer at the Differential Equations Department of Chernivtsi National University by
Yuriy Fed’kovych. E-mail: O.Lenyuk@chnu.edu.ua, ORCID: 0000-0001-9494-2864.

Nikitina Ol’ha Myhaylivna — Ph.D in Physical and Mathematical Sciences, Associate
Professor, Teacher of athematics of Chernivtsi Lyceum Nel of Mathematical and Economic Profiles.
E-mail: o.nikitina.chv@gmail.com, ORCID: 0000-0003-0702-0453.

Shynkaryk Mykola Ivanovych — Ph.D in Physical and Mathematical Sciences, Associate
Professor, Senior Lecturer at the Applied Mathematics Department of West Ukrainian National
University. E-mail: shynkaryk m@ukr.net, ORCID: 0000-0001-8191-8953.

https://doi.org/10.32782/mathematical-modelling/2023-6-2-9
81



