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SYSTEMS OF KINETIC POPULATION EQUATIONS AND THEIR APPLICATIONS

A systematic analysis of systems of kinetic population equations is presented, including Volterra and Lotka-Vol-
terra. Population problems that had to be solved are investigated, and their brief analysis is provided. These problems
include demographic, ecological, etc. problems. From a conceptual point of view, these problems are divided into two
types: the problem of two species eating the same food (Volterra equation) and the predator-prey problem (Lotka — Vol-
terra equation). The first problem arose from the problem of rabbit reproduction in Australia. In addition, in the same
population biology, the problem arose when one species eats another (predator and prey). This problem was solved by
many researchers in the field of biology and medicine, in particular virology. Its partial solution is given in the book of
A. Lotka, and a more general one in the lectures of V. Volterra. Because of this, these equations are sometimes called the
Lotka-Volterra equations. As in the first and second problems, it is necessary that there is enough resource (food) for the
stationary stable existence and development of the dynamical system. We have analyzed the problems that are solved or
that are expedient to be solved using these methods. Problems with a non-uniform temporal hierarchy of processes have
also been analyzed. It has been shown that for solving such problems it is expedient to use the method of adiabatic elim-
ination of variables. This method was used to solve kinetic problems in relaxation optics. These equations are expedient
to use when there are several competing in-phase processes. Based on the general analysis of the systems of Volterra
equations, it is possible to construct system criteria for controlling and predicting the corresponding processes and phe-
nomena. To move to spatial problems, it is necessary to introduce the corresponding transport and diffusion coefficients
into the systems of equations of Volterra and Lotka — Volterra. In this case, these equations can also be considered as
systems of nonlinear diffusion equations. A list of problems for which it is expedient to use such a formalism is given.

Key words: dynamical processes, Volterra, Lotka, adiabatic exclusion, diffusion expansion, population problems,
nonlinear dynamics.

[LII. TPOXUMYVYK, B.B CAXAH

BonHchKuii HanioHaneHU yHiBepeuTeT iMeHi Jleci Ykpainku

CUCTEMHU KIHETUYHUX NONYJIANIAHAX PIBHSAHD TA IX 3ACTOCYBAHHS

Hasooumvca cucmemnuil ananiz cucmem KinemuyHux nonyiayitiHux pieHsaHb, 30kpema i Bonomeppu ma Jlomku —
Bonemeppu. Jlocniosceni nonynayitini 3a80ants, AKi Heo6XioOHOo 0Y10 po38 ‘a3amu, ma Kopomkuil ix ananiz. /Jo yux 3a60aHs
Hanedxcamov 0emozpapiuni, exono2iuni i inwi npobiemu. 3 NOHAMIUH020 NO2NA0Y Yi 3a80anHs PO3OUBAIOMbCSL HA 08d
munu: 3a60anHs NPO 06a GUOU, WO [0Mb 00HY ICY (PisHsHHA Bonbmeppu) ma 3a80aHHSI XUNCAK — JHCepmEa (PiHSHHS
Jlomxu —Bonvmeppu). llepute 3a60ants 3ymosiene npooiemor poO3MHONCeHHS Kponukie 6 Ascmpanii. Okpim moeo, y miti
Jice nonyIAYIiuHit 0ion02ii NOCMANo 3a80AHHA, KOIU 00UH U0 noidae inwuil (xuscax i scepmea) Lle 3a60anns po3s’s3y-
sanace bazamoma 0ocriOHUKamMu 6 2any3i Gionozii ma meduyunu, 30Kkpema gipyconozii. Ii vacmumnnuii po3e a30x nasede-
Hutl y knuzi A. Jlomku, a 6invw 3aeanvHuti — y nexyiax B. Bonomeppu. Tomy yi pieHAHHA iHKOU HA3UBAIOMb PIGHAHHAMU
Jlomku — Bonvmeppu. AHx y nepwiomy, max i y opyeomy 3a80anHi Heo06xiono, uob o6yio edocmane pecypcy (idici) oas
cmayionapno2o cmabinbHo20 iCHY8auHA Ma po36UMKy ounamiunoi cucmemu. Hamu nposendeno ananis npobnem, Axi
D038 ’513yI0mbCsl abo SKI OOYLIbHO PO36 's13y8amu 3a 00NOMO2010 yux memooie. Taxooc npoananizosani 3a0aui 3 HeOOHO-
pionoio uaceolo icpapxicio npoyecis. Ilokazano, wjo 0ns po3e a3aHHA MAKUX 3a0a4 O0YiIIbHO BUKOPUCTNOBYBAMU MEMOO
aodiabamuyno2o 8UKIOUeHHs 3MiHHUX. Leti memoo 6y6 sukopucmarutl 01 po38 A3aHHA KIHeMUYHUX NPoOLeM )y penaKca-
YiuHi onmuyi.

Li piensnms 0oyinbHO BUKOPUCMOBY8aMU MO0, KOIU € OeKLIbKA KOHKYPYIoUUX cungasznux npoyecie. Ha ocnosi
3a2anvbHo2o ananizy cucmem pieHanb Bonemeppu modcna nobyoysamu cucmemui Kpumepii ynpasiinis ma npocHo3y8anHsl
8i0Nn06IOHUX npoyecis i aeuwy. [ nepexody 00 npocmoposux 3a0ay y cucmemi pieHsano Bonomeppu ma Jlomku — Bono-
meppu nompiono ésecmu 6ionosioui Koeiyicumu nepenocy ma oughysii. ¥ maxomy pasi yi pieHAHHA MOICHA MAKOIHC
po3enadamu AK cucmemu HeliHiuHUX pisHAHb ougysii. Hasooumuecs eunadok oughysitinoi necmitikocmi.

Knrouosi cnoea: ounamiuni npoyecu, Bonomeppa, Jlomka, adiabamuune 8uxioueHHs, Ouy3itina Hecmitikicmo,
NONyIAYIUHI npodIemMu, HeniHiuna OUHAMIKA.

Problem Statement
For modeling dynamic (chronological) processes systems of population equations [1], includ-
ing Volterra [2] and Lotka — Volterra [3] equations, are used. These equations should be used when
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there are several competing in-phase processes. Based on the general analysis of Volterra’s equation
systems, it is possible to construct systemic criteria for controlling and predicting the corresponding
processes and phenomena [4].

Analysis of recent studies and publications

Let us present the simplest system of two equations. Depending on the conditions of the prob-
lem, we will consider and analyze problems of four types: the problem of two species eating the same
food [2]; the predator-prey problem [2]; the problem with adiabatic elimination [5] of a variable and
the problem with diffusion instability [1].

It is shown that the method of aliabatic elimination of variables [5] is one of the main methods
of the theory of dissipative structures [6] and synergetics [5].

The problem of diffusion instability for systems of autonomous equations with the addition of
diffusion terms is investigated. In general, in a particular case, this can be considered as a diffusion
extension of the Volterra equations[1]. The analysis is carried out for a system of two equations.

The feasibility of using these methods to describe various evolutionary dynamic processes of
the population type is shown [1].

Presentation of the main research material

Two species eating the same food. In the second half of the XIXth century, the problem of
rabbits arose in Australia, which proved to be worthy competitors for farmers. And now their number
fluctuates between 0,6 and 0,7 billion. This problem was first solved by Vito Volterra and published
at the end of the 19th century in the journal Acta matematika, published in Stockholm by Mittag —
Leffler [1]. Later, it was included in his course of lectures, which were read at the Sorbonne and
published in French [2].

Consider the problem of two species consuming the same food [2].

Suppose that with an amount of food sufficient to fully satisfy the species under consideration,
there are constant positive growth coefficients ¢,,¢,. In a real situation, when these species live in a
limited area, food will decrease with increasing numbers N, and N, (which mean the number of spe-
cies). This will lead to a decrease in the values of the growth coefficients. If the amount of food eaten
per unit time is represented by the function F(N,,N,), it turns into zero simultaneously with the sum
N, + N, and monotonically approaches oo together with each of these variables, then it is natural to
take the expressions as growth coefficients:

81_VIF(NI!N2)582_Y2F(N1’N2)a (1)

where y,,y, — positive constants corresponding to the food requirements of each of the two species.
From here we obtain a system of differential equations that describe the development of both
species [2]:

dN,

72[31 _YIF(NI’NZ)]NI’ (2)
dzz :[82 _YzF(Nl’Nz)]N2- (3)

Now the mathematical problem arises of studying the solutions N,, N, of this system for initial
values N},N;, positive for ¢ =1,.
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It can be proved that for any finite time interval (¢,,7) there is a unique solution of two contin-
uous functions, which are placed between two positive numbers, of which no longer depends on the
end of the interval T (i.e. N,, N, remain bounded).

Let us consider what happens with an unlimited increase in time. Rewriting (2) and (3) in the form:

dlogN,

dt € _VIF(leNz)a (Z-a)
dlogN.
= L (NG, (3-a)
we get:
dlog N dlog N
12 dt Loy, dt =gy, — &Y, 4)
and then:
vy 0"
Ny (M ) plomem)(-1) (5)
Wy
We neglect the almost improbable case when:
&Y, — &Y, =0, (6)
and suppose (changing the types if necessary) that:
£, — &Y, > 0 abo .5 (7)
i T
Then according to (5) we have:
. 1V2 _
lim S =+ ®)

Since N, is bounded, N, tends to zero.
Thus, we can conclude that the second species, in which &y has a smaller value, will decrease
and eventually disappear, while the first one continues to exist [2].

Two species, one of which eats the other (predator and prey)

This problem has been solved by many researchers in the field of biology and medicine, in par-
ticular virology. Its partial solution is given in the book of A. Lotka [3], and a more general one in the
lectures of V. Volterra [2]. Because of this, these equations are sometimes called the Lotka-Volterra
equations [1].

If only one of them, namely the prey, were present in the environment where these species live,
then it would have a certain growth coefficient ¢, , which we will assume to be constant and positive.
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The second species (predator), which feeds only (or mainly) on the prey, assuming that it exists in iso-
lation, has a certain growth coefficient —¢,, which we will assume to be constant and negative. When
such two species exist in a limited environment, the first will develop the slower the more individuals
of the second species exist, and the second — the faster the more numerous the first species is. The
hypothesis, quite simple, is that the growth rates are equal to, respectively:

g -1V, and —&, +7,N, , )

(v,,v, are positive constants). This leads to a system of differential equations for describing the num-
ber of species [26]:

dN.

d_tl:(gl _Y1N2)N1a

dN (819823YI7Y2 >0) (10)
dt2 :_(Sz_Yle)Nz,

We will arrive at the same result with a less crude study of the interaction of species, reasoning
as follows [2].

Let us consider the more general case of two species, which, existing separately, have growth
coefficients A,,%,, the signs of which are not specified. In the case of coexistence of these species,
we will assume that the meetings of individuals of different species (the number of these meetings
per unit of time is equal to a NV, N, , where a = const ) somehow affect the number of species. Algebrai-
cally, this effect is expressed by the increments B, and B, of the number of individuals corresponding
to n meetings (n is a fixed, sufficiently large number). We will assume that these increments occur
immediately, without delay. Then, over time d¥, the species increase by:

dN, =, N,dt + aN,N, PLar,
n

dN, = 3, N,dt + aN,N, P2 a1,
n

Thus, we obtain a system of differential equations [2]:

dN.
Tt‘:Nl (A + 1, N,),
IN (11)
dt2 =N, (% + V),
where:
ool el (12)
n n

Since encounters are beneficial for predators and detrimental for prey, in the case we will con-
sider first,
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A >0,4, <0, (0, p,)o0.

Therefore, equations (11) takes the form (10) [2].
From equations (11) we obtain for any case (assuming N, >0,N, >0):

dN,  dN,

Mz?‘lfh dt :H27“1N1 _Hl}szz:
dN, dN,
7‘2%_7“1 ](\l;t :P-27V1N1 _HlkzNz’
1 2
where:
dN, dNn,
dN, ., _dt dNy, ., dt _

— }\‘ —
29} dt 2 N, K 4t 1 N,
Integrating, we obtain [2]:

N, + 4, log Ny — (i, N, + &, log N,) = const,

lez emM = CN27~| etV

Let us construct the curve (18) in the plane (N,, N,).
Let us return to the case of predator and prey considered above, when

A =g >0, Ay =—8 <0, ==y,(0, p,=1y,)0.

To construct this curve, we will draw auxiliary curves
(L) Y =N7oem,
(L) C=Njem™,
and draw the desired curve based on the relation

Y =CX.

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

21)

(22)

On two perpendicular lines, we mark the axes Ox,ON, and iOy,ON, (Fig. 1), in the second and

fourth quadrants we draw auxiliary curves L, and L,.

https://doi.org/10.32782/mathematical-modelling/2025-8-1-20
211



ITPUKIIA/THI ITHNTAHHA MATEMATHYHOI' O MOJE/IFOBAHHA T. 8, Ne 1, 2025

U
.,.\.-1 i i e o e e e
et B

pEmsrtsmowy
T

i At

£ LELEN X X

=

%I‘-

BRI

= ——~r-=-t-.—-u-§..———.-——...—-.—
- s
L]
=
T 3
’%f
i
[
b
I

Fig. 1. Phase portraits of the predator-prey problem (Volterra, 1931)

In practice, this curve is a phase portrait of the “predator-prey” problem, on the basis of which
we can consider and analyze various scenarios of this problem [7].

Adiabatic elimination of variables method
If in the system of equations

i= f(%,E1), (23)

the right-hand side does not depend explicitly on time, i.e. X== f (Sc, i, E) , then such a system of
equations is called autonomous or self-organized (self-controlled) (Trokhimchuck, 2020). Here X is a
deterministic phase vector, i is a vector of control parameters, & is a vector of stochastic parameters.
The most developed is the system of two nonlinear equations of the first order (on the plane)
(Trokhimchuck (2020). It can always be represented as a Hamiltonian system and the entire arsenal
of mathematical methods developed in this area can be applied.
Let us write the system of two equations in the following form:

X =/ (xuxz)a X =/ (xlax2)~ (24)

System (24) will be non-autonomous if %0.
X

Let us consider the case when the variables x, and x, describe two different subsystems, slow
and fast in time variation. For this case, equation (24) takes the form
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X, :kll+E(x13x2)’ xzz_yx2+F2(xl’x2)’ (25)

where y >0, y>|k,|. The evolution of a fast subsystem begins with a transient process of duration
L,y <~ |k1‘1' | Further, the evolution of the system is described by equations (8.2), in which we
canput x, =0:

X =k + F(x,%), 0=-mw+F(x,x). (25-a)

From the second equation we find x, = ¢(x,) . Substitution x, into the first equation allows us to
significantly simplify the problem:

X =k, +F (xl’(p(xl)) . (26)

This method, based on the selection of characteristic time scales, is called adiabatic elimination
of the variable x,. This approach was first proposed by H. Haken [5]. It can be concluded that the
behavior of the system is determined by the evolution of the slow subsystem. The slow subsystem
controls the fast one. That is why the variable x, is called the order parameter.

In multidimensional systems, a small number of slow variables can be distinguished, to which
all the others are adjusted. Moreover, in many cases, it is possible to obtain solutions of the form
x,(1)=F(t,w(5,)), ¢, =", ne(ls). Such solutions are called self-similar, or self-similar. The
evolution of the system is characterized by “forgetting” the initial conditions and the formation of
structures determined by functions y (¢, ). Simple structures are combined into various types of com-
plex structures, to which the eigenvectors of a nonlinear system of equations can be compared. Such
solutions cannot exist in the vicinity of the equilibrium state, since the dissipative process associated
with the dissipation of energy destroys any order. New coherent structures arise in states far from
equilibrium in open systems and are stabilized as a result of energy exchange with the environment.
Thus, nonequilibrium can be a source of order, or self-organization. I. Prigozhin called such order a
dissipative structure [6]. The phenomena of self-organization are inherent in hydrodynamics, chem-
istry, biology, astrophysics, ecology, economics, sociology. H. Haken proposed to call this part of the
theory of control synergetics (literally — the theory of joint action) [5].

Since the systems of Volterra equations are autonomous equations, it is advisable to use the
Haken procedure for them. Therefore, this method was tested for the system of three Volterra equa-
tions to describe the processes of Relaxed Optics with different adiabatic elimination procedures
(single and double) [8-10].

Diffusion instability

Let us move on to a more complex example — a two-component system of the form:

o*u ou o’u
| _zzfz(ul,uz)+02§22. (27)

ouy Uy
ox*’ ot

o S (w,u,) + D,

Where D, and D, are the diffusion coefficients. When D, = D, =0, the system (27) reduces to a
system (24) [1]. Therefore, system (27) may be represented as Volterra system with diffusion expan-
sion too. Adding spatial derivatives, i.e. “turning on” the diffusion coupling of point elements, can
radically change the properties of the system. Let us begin traditionally with finding and investigating
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the stability of the homogeneity of stationary states. According to (27), these states are determined
from the system of equations:

fi(wsu,) =0, fo(u,u,)=0. (28)

Let u, =u” and u, =" are some solutions of the system (28). To investigate the stability of
these solutions, we write:

u (1) =u” +w (x,1),  w(x1)=u" +w,(x,1). (29)

Substituting (29) into (27) and linearizing the resulting equations by small additions w, and w,,
we obtain a system of two linear partial differential equations with constant coefficients:

ow o*w
—L=fuw, + fiuw, + D, _2la
ow, o*w,
E:félwl + oW, + D, PR

where the derivatives f, = a% ,. are calculated at u = 4 the solution of system (30) is sought in the
standard form: ¢

w, (x,t) = weexp(pt +igx), k =1,2. (31)
Substituting (31) into (30) gives the dispersion equation:

P _|:]?11 (Q)+]?22 (Q):|P+fll (Q)'f_zz (Q)_flz (‘I)'le (Q) =0, (32)

where £, (q)= f, -4’D,, f»(q)=f»» —4’D,. We emphasize that at ¢ = 0 the dispersion equation (32)
coincides with the dispersion equation for the corresponding point subsystem. In other words, the
values of the functions p(gq), determined by equation (32), atg =0 coincide with the Lyapunov
exponents of the linearized point system [1].

Analysis of the dispersion equation (32) shows that the solutions of equation (27) #, =« and
u, = u\” , which are stable in the absence of transport processes, i.e., at D, = D, = 0, may lose stability
when diffusion is “turned on” [1]. From the point of view of the dispersion equation, this means that,
although at ¢ = 0 both of'its roots are negative (p,(0) <0 and p,(0) <0), there is an interval of values
of ¢ in which at least one of the roots has a positive real part. The conditions for the existence of such
an interval follow from equation (32). They are written in the form [1]:

DAy fo =S fa <0,
D fiDy= 1o D >0,
3)(fll - D, + fzz'Dl)2 > 4D, 'Dz( Ji 'fzz_flz'le)a
4) f, + [, <O0.
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From the above it follows that the occurrence of instability is due to the presence of trans-
port processes. Therefore, such instability is called diffusion instability. Its important feature is the
requirement of the difference of diffusion coefficients:

D, # D,, (34)

which follows from the comparison of the second and fourth inequalities in (33). Fig. 2 shows the
dispersion curves p, , (9) for the cases of absence and presence of diffusion instability.

g P
. N\,
0 q U_//‘i'l Q‘z\q
a. A9 (9 b. p(q) plg)

Fig. 2. Spectral functions p (q), given by the dispersion equation (14.71),
for the stable (a) and unstable (b) homogeneous state (Trokhimchuck, 2020)

Conclusions

1. The systems of Volterra and Lotka-Volterra kinetic equations and their extensions are analyzed.

2. The problem of two species eating the same food is investigated. The conditions for the sur-
vival of one of the species are formulated.

3. The “predator-prey” problem is discussed. It is shown that for its analysis it is worth using
the method of phase diagrams.

4. The problem of adiabatic elimination of variables for systems of autonomous differential
equations is analyzed. It is shown that this procedure is also successfully used for systems of Volterra
kinetic equations.

5. The problem of diffusion instability for systems of autonomous equations with the addition
of diffusion terms is investigated. In general, in a particular case, this can be considered as a diffusion
extension of the Volterra equations.
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