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AIMPOKCUMAIIIL HA CKIHYEHHOMY EJEMEHTI
Y ®OPMI TPABHJIBHOI'O N-KYTHHKA

Enemenmu cepenounoeoi cim’i ymeoprorome KopucHull Kiac CKinyeHHUX enemenmis. Bonu nowupeni ¢ npaxmuunux
PO3PAXYHKAX HEe38adCaroyu Ha me, wjo no2ano gopmanizyromsca. Ionosna npobiema cepeHOUNO8UX CKIHUEHHUX elleMeH-
mie (CCE) nonseae 6 momy, wo iCHyIo4i Memoou KOHCMPYIO8aHHs PyHKYIll popmu (Memoo obeprenoi mampuyi, npoye-
0ypa cucmemamuyHo20 2eHepPy8anHsi (PYHKYIL (hopmu) He 0aromb MONCIUGOCIE BULIMU 3d PAMKU CIAHOAPMHUX MOOe/el
na CCE. B cmanoapmuux mooensx KilbKicmb napamempis iIHMepnoisyitiHo2o noaiHoma 8i0N08ioae KilbKoCmi 8y3i Ha
epanuyi enemenma. Bioomo, wo cmanoapmui modeni CE suwyux nopsaokie maiome nesHi HedoniKu (Hanpukiao, 6io emHi
3HAYEeHHs 8Y3N108UX HABAHMANCEHb, KDAMHI HYIL Y epaHuyHux 8y3nax). Tomy icnye nompeba y 8UKOPUCMAHT IHULUX Memo-
016 KOHCMPYI08aHHSL (DYHKYIT hopmu i YOOCKOHANEHHI ICHYIOYUX.

Y pobomi npoananizosana mosicrusicmo noby0osu 6a3ucHux GyHKyit Ha OUCKDEMHOMY elleMenmi y popmi n-KymHUKA.
Posensinymo ckinuenuii enemenm y popmi npasuibHo20 n'SmuKymHUKa, 020 MOJNCHA BUKOPUCTIOBYBAMU SIK 00UUCTIOBATb-
Hutl wabnon y koni. Hapasi 3ae0anus nody0osu ma 00cniodicents YHImapHoeo 0a3ucy Ha OUCKPEemHOMY N'SMUKymHOMY
enemenmi (nenmaeomi) e posensioanacs. st KOHCMPYIO8anHs 6A3UCI@ OUCKPEeMHUX eleMeHmi8 Y (hopmi n-KymHuKie
BUKOpUCTNOBYBABCA 2eomempuunuti memoo. Lle moougixayia memoody “product of planes”, saka euxopucmogye mexHixy
NepeMHONCEHHS PIBHANHb NIOWUH | NOBEPXOHL 0py2020 nopaoky. Hosi memoou snauno cnpowyroms npoyedypy nooy-
dosu basucy (e sunuxae nompebu pose’sizyeamu CJIAP 6i0nosiono2o nopsaoky Ha eiemenmi) i 003601510Mb OMPUMA-
mu anemepuamusui mooeni CCE. Hassnicme “nosasyznosux” napamempie y MoOensx, wo OMpUMaHi 3a 00NOMO20i0
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HOBUX Memo0i8, 0a€ MONCIUBICMb NO30ABUMUCH 8I0 HEOONIKIB, IKI NPUNAMAHHI CMAHOAPMHUM MOOeNAM (HanpuKiao, 8io
810 EMHUX 3HAYEHb HABAHMAIICEHD Y 8Y31aX).

Tobyoosarno mpu cucmemu 6a3UCHUX GYHKYIT HA N'TMUKYMHUKY 3 OONOMO2010 MAMPUYHO2O MEMOOY, 2e0MEeMmpPUt-
HO20 MOOe08aHH s | MOOUPIiKosanozo memody “product of planes”.

THooanvwa onmumizayia enacmueocmeti 6a3ucHux QyHKyitl modce 6ymu 00CAHYMA 3a 00NOMO200 36AANCEHO20 YCe-
peoHenHs QYHKYIl. 3anponoHo8aHi MemoouKu MOXCYme Oymu ROWUPEHi Ha 008LIbHI N-KYMHUKY | Y3a2aibHeHi Ha una-
00K NPOCMOPOBUX OUCKPEMHUX e/leMeHMI8 3 OCHOBOI 8 (hopmi NpasuibHO20 N-KYMHUKA.

Knrouosi cnosa: cepenounogi ckinuenti eiemenmu, iHmepnoasyis, yukyii popmu, ceomempuine MoOeIOBAHHsL, Allb-
mepHamuenull 6a3uc ULUX NOPsOKIe.

I. O. ASTIONENKO

Ph.D., Associate Professor,

Associate Professor at the Department of Informatics and Computer Science
Kherson National Technical University

ORCID: 0000-0002-5831-6353

P. Y. GUCHEK

Doctor of Technical Sciences,

Head of the Department of Information Technologies

and Physical and Mathematical Disciplines

Kherson Educational and Scientific Institute

of Admiral Makarov National University of Shipbuilding,
Professor at VIZJA University, Warsaw, Poland

ORCID: 0000-0002-6110-6816

O. M. DUDCHENKO

Ph.D., Associate Professor,

Associate Professor at the Department of Information Technology
and Physical and Mathematical Disciplines

Kherson Educational and Scientific Institute

of Admiral Makarov National University of Shipbuilding
ORCID: 0000-0002-7724-0892

O.I.LYTVYNENKO

Ph.D., Associate Professor,

Associate Professor at the Department of Information Technology
and Physical and Mathematical Disciplines

Kherson Educational and Scientific Institute

of Admiral Makarov National University of Shipbuilding
ORCID: 0000-0001-9890-6959.

APPROXIMATIONS ON A FINITE ELEMENT IN THE FORM OF A REGULAR N-GON

The serendipity family of elements constitutes a useful class of finite elements. They are widely employed in practical
computations, despite being poorly formalized. The main difficulty with serendipity finite elements (SFE) lies in the
fact that existing approaches to constructing shape functions (the inverse matrix method, the systematic shape function
generation procedure) do not allow researchers to go beyond the framework of standard SFE models. In standard models,
the number of parameters of the interpolation polynomial corresponds to the number of nodes on the element boundary. It
is well known that standard higher-order finite element models possess certain drawbacks (e.g., negative values of nodal
loads, multiple zeros at boundary nodes). Therefore, there is a need to employ alternative methods for constructing shape
functions and to improve the existing ones.

This study analyzes the possibility of constructing basis functions on a discrete element in the form of an n-gon. A finite
element in the form of a regular pentagon is considered, which can be used as a computational template within a circle.
So far, the problem of constructing and investigating a unitary basis on a discrete pentagonal element (pentagon) has not
been addressed. For constructing bases of discrete elements in the form of n-gons, a geometric method was applied. This
method is a modification of the “product of planes” approach, which employs the technique of multiplying equations of
planes and second-order surfaces. The new methods substantially simplify the procedure of basis construction (eliminating
the need to solve a system of linear algebraic equations of the corresponding order on the element) and make it possible to
obtain alternative SFE models. The presence of “extra-nodal” parameters in the models obtained by these new methods
allows one to overcome the drawbacks inherent to standard models (such as negative nodal load values).

Three systems of basis functions on the pentagon have been constructed using the matrix method, geometric modeling,
and a modified “product of planes” method.
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Further optimization of the properties of basis functions can be achieved by means of weighted averaging of functions.
The proposed techniques can be extended to arbitrary n-gons and generalized to the case of spatial discrete elements with
bases in the form of regular n-gons.

Key words: serendipity finite elements, interpolation, shape functions, geometric modeling, alternative higher-order
basis.

IHocTanoBka nmpobaemMu

[NosiBa Ta po3BHTOK MeToy cKiHueHHUX eneMeHTiB (MCE) ctiuMyitoBany BHHUKHEHHSI HOBHX 3aBJaHb y Teopii iHTep-
nossnii QyHKIIH 1BOX Ta TphoX aprymeHTiB [ 1]. HaiiOinbi po3pobiieHa Ha JaHWit MOMEHT TeXHiKa TPUKYTHHX Ta IIPSIMO-
KyTHUX (KBaZpaTHHX) eeMeHTiB [2,3]. 3aiaui siiepHOi eHepreTHKH OCTaBWIN podaeMy MoOy/I0BH YHITapHOTO Oazucy
JUISl TEKCAaroHy B O0JACTAX i3 CTUILHUKOBOIO reomerpieto [4]. ITomiroHanbHi TUCKPETHI €JIEMEHTH CTAaHOBISTH iHTEpEC
PO3paxyHKy eNeKTPOCTaTHYHHX 1 CTalllOHApHUX TEMIEPaTypHUX IOJMiB, HAIIPUKIAJ, B 00JACTAX I'ATUKYTHOI (OpMH.
SIKIIO TUCKPETHUH €JIeMEHT — NMPaBWIBHUH I'ITHKYTHUK, 1Or0 MOKHA BUKOPHCTOBYBATH SIK OOUMCIIOBAJIbHUI 11a0JI0H
y xoii. Hapasi 3aBgaHHst oOyIoBH Ta JOCHIDKEHHS YHITApHOTO 0a3UCy Ha TUCKPETHOMY I'SITHKYTHOMY €JIeMEHTI (IIeH-
TaroHi) He PO3MIIAAAIOC.

AHaJni3 ocTaHHIX A0c/iTxKeHb i myOsikanii

Bigomi Tpum crocobu mnoOynoBu Oasucy ckinuenHoro enemenra (CE): anreOpaiunumii, reomerpuuHuii Ta
HMOBIpHICHO-T€OMETPHYHHH.

AnreOpaiuHuii crioci6 moJssirae y CKJaJlaHHi Ta po3B'sI3aHHI cUCTeMHU JiHIHHKX piBHsAHD anreOopu (CJIAP) mns 3Ha-
XOJPKeHHS KoedilieHTiB iHTeprnosuiiHoro noxinoma [3]. [Ipyn npomMy 3pydHO BUKOPHCTOBYBAaTH BiZIOMY BIIACTHUBICTB
6azucuux ¢ynkuiit CE: 6asucHa QyHKIIs TOPIBHIOE ONMHHUILI B OMHOMMEHHOMY BY3JIi 1 JOPIBHIOE HYIIIO B HIIMX BY3JIax
CE. Ane, Harpukiaj, KOJIM €JI€MEHT TeKcaroHanbHoi (opmu, npu po3s’sizanHi CJIAP BuHMKatoTh HenepeOopHi Tpy:-
HOIIi: MaTpuIlst MOoOy/I0BaHOI CUCTEMH € BUPOIKEHOIO BHACIIIIOK HaAMIpHOT CUMETpIii IPaBUIIBHOTO IECTHUKYTHHUKA [4].

CUHTYISIPHICTD MaTpHIli CTajla MOMITOBXOM JUISl OUIYKY HOBHX HealreOpaidHMX crocoOiB moOynoBu 0a3uciB CKiH-
YEHHHX €JIEMEHTIB. Yaucnpec, BUKOPUCTOBYIOUH I'€OMETPHYHE MOJIENIOBAHHS, BIIEpIIE OTPUMaB YHITapHUI 0a3uc Ha
LIECTUKYTHUKY, GYHKIII popmu sikoro npiOHO-panioHansHi [4]. ['eomerpudnnii criocid moOynoBu 6a3nucy CKiHUEHOTO
eJIEMEHTa JJ03BOJISIE OTPUMYBATH IOJIiHOMIianbHiI 0a3zucu. IIpu reoMeTpHuHOMY MOJIENIOBaHHI IOJIiHOMianbHa Oa3ucHa
(YHKIIiSI KOHCTPYIOETBCS 3 PIBHSIHD HEJIIHIHHUX ITOBEPXOHB 1 IUIOIIHUH, SIKi TPOXO/ATH Yepes3 3a/1aHi TOUKH [5, 6].

st noOyoBY iHTEPIONSILIHHKUX TTOJITHOMIB 3pyYHO BUKOPHCTOBYBAaTH METO/I KIMOBIPHOCHO-T€OMETPHYHOTO MOZEIIIO-
BaHHS, 3aCHOBaHUI Ha TeOMeTpHYHIl HMOBipHOCTI. [€oMeTpryHa HMOBIPHICTh € IPUPOAHUM y3arajJbHEHHSM ITOHATTS
KJIaCH4HOi HIMOBIPHOCTI Ha BHIIA/IOK HE3TIYEHHOI MHOXXHMHH €JIEMEHTIB 1 00UMCIIOETHCS SIK BiIHOLIEHHS! JOBXHUH, TIONI,
a00 00’eMiB B OJJHO-, IBO- T TPUBUMIPHUX BulaaKkax. L{eif MeTox ycCITiHO 3aCTOCOBYETHCS 1iJ] 4ac oOy10BU 0a3nciB
CEpEHIUIOBUX CKIHYEHHHX €JIEMEHTIB (CEpPEHIUIIOBHUI €JIEMEHT — 1€ JOBUIBHUN YOTHPUKYTHHUK YU KBAJpaT 3 By3JIaMHU
IHTEpIIOJISALIT JINILIE HA TPaHML eJTeMenTa) [7].

@opMy.JIIOBAHHS METH CTATTI

Mera crarTi — IpoaHalizyBaTH MOXJIMBICTH MTOOYHOBH 0OasMCHUX (YHKLIH Ha JUCKPETHOMY €JIeMEHTiI y Qopmi
N-KyTHHKA 32 JIONIOMOT'0I0 aJIre0paiyHoOro Ta reOMETPHYHOTO ITiIXO/IB.

BuxisiageHHs1 0CHOBHOIO MaTepiany A0CTiIKeHHS

Y po6oTi pO3IISIHYTO €NIeMEHT Y (JOpMi IPaBHUIIBHOTO IT'STUKYTHHKA, BIMCAHUH Y KOJIO OAMHUYHOTO paaiycy (puc. 1).
Ha nanomy enemeHTi MoOyIoBaHO TpU CHCTEMH 0a3MCHHX (yHKIIH 3a JOMOMOIOI0 anredpaiyHoro Ta reoMeTpHYHOrO
T IXOIIB.

Mepmmit 6a3uc (SI16_1) nmoOynoBanuii 3a 1OMOMOror0 anreOpaidHOro MiAXOAY 3 BUKOPHCTAHHSIM IHTEPIOJSLIHHOT
rinore3u Jlarpamka:

Ni(xkayk)ZSik7 iak:1a2’°”957 (1)

ae o, — cumson Kponekepa.
VY SKOCTI IHTEPIIONAIIHHOTO TTOTiHOMY OyIlla BUKOpHCTaHa (QYHKILIS:

N(x,)=0,2+0,x + 0,y +0,x" +0,xpy+0)° . )
Jns BU3Ha4YeHHS KOe(ilieHTIB o, CKIaAeMO CUCTEMY:
0.2 x y x xy ¥||
0.2 X, ¥, X Xy, V| |%
0,2 x; y, xi xy yil|xlas]. 3)
0.2 x, ¥ X, XY, V| |%
0.2 Xy x5 xys 5] Lo

S O o o =
Il
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y (popMi NPaBHJIBLHOIO I’ ITUKYTHUKA

Bubip BinbHOTO KoedimieHTa MPOJUKTOBAHUI T€OMETPIEIO IT'ATHKYTHHKA. Lle 3HaueHHs arTikaTy IIOBEpXHi, SIKY 331a€
0a30Ba (PYHKIIS Y IEHTPi JUCKPETHOTO CIEMEHTA.
Bbasncna ¢ynkuis st Byzna | mae sursip (puc. 2):

N, =0,2+0,4x +0,4x” —0,4)". “4)

Tt Gasuci dyHKuii moninomiansHoro 6aszucy (ST15_1) MoxyTs GyTi oTpumani 3 N, obepranusM Ha Kyt 72° :

1 [ (f5-1) 104245 G-l Aoeas ) Jio+25 -1 )|
N2:§+ x+ y |+ x+ y| - |- 0 x+ y &)

10 10 10 10 10

vl {(\/EH) 10-25 ] [ 541 10-245 Jz ( V10-2v5 V541 Jz

3T x - yi+ |- x+ yi—|- x - y (6)
5 10 10 10 10 10 10

. [(\fioﬂ) x+\/101—02ﬁ y]+ [_\/fglx_\/lol—ozﬁ yJ ) [_\/101—02\Bx+f?0+1yJ .

10 10 10 10

N5:%+ [(\/130-1) L N10+2Y5 y} [\/5—1)6_\/10+2\/§ y} B [_\/1ol+ozx/§x_\/§—1yJ ®

Hpyruit 6asuc (SI1b_2) noOynoBaHuii 3a JOMOMOrOI0 TEOMETPUYHOTO MojetoBanHs [6]. Jns nobynoBu 6a3ucHol
¢byHKLiT N, BUKOpHCTaHa KOMIIO3ULiA npsaMoi (3-4) Ta mapabomu, mo Ipoxomuts yepes 2-P-5 (puc. 3), ne P(-0,809; 0):

N, =0,2 (0,8090169 + x)(1, 2360679 +1,5278641x —1,8885438y7) . )

Basucna ¢ynkuis 300paxena Ha puc. 4.
Tnuti GyHKIii OTpuMy€eMo moBopoToM Ha KyT 72° :

N, =0,2+0,1527864x +0,4702282y —0,2472136x" +0,3592224xy +0,2472136)° —

(10)
~0,1055728x" —0,2563143x%y +0,1999999 > —0,0343026°;
N, =0,2-0,3999999x +0,290617y + 0,0944272x> — 0,581234xy —0,0944272y” + an
+0,1055728x° +0,2139139x7y —0,0111456x)> —0,1453085°;
N, =0,2-0,3999999x —0,290617y +0,0944272x> +0,581234xy — 0,0944272y7 + 12)

+0,1055728x° —0,2139139x>y —0,0111456x)> —0,1453085°;
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N, =0.2+0.1527864x —0.4702282y —0.2472136x> —0.3592224xy +0.2472136)° —

(13)
~0.1055728x° +0.2563143x"y +0.1999999 17 +0.0343026 .
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Puc. 3. Komnosuuist Jriniii mpu nogynosi Puc. 4. Bisyanizauis 6asucuoi gpynxuii N, B 515 _2

OasucHoi pyuxuii N, B SIIb_2

Meroaunka mo0OynoBu apoboBo-panionansHoro 6asucy (5/Pb) moxibna no mobynosi JIPb Ha rexcaronaasHOMY eie-
MeHTi [5]. II'aTukyTHHK po36uBaeThes Ha 3 TpuKyTHUKHU. Hanpuknan, npu noOynoBi N, BUKOPUCTOBYETHCS TPH TPHKYT-
HUKa 32 CIIUTbHOI0 BepmuHoio: Al23, Al34 i Al45. Y KOXKHOMY TPUKYTHHKY BUKOPHCTOBY€ETHCS TUIOLIMHA, STKa MTPOXO-
JIITB Yepe3 CTOPOHY TPUKYTHHKA, 10 TIPOTHIIEkKHA By3Ty | i Touky 3 koopauHatamu (1,0,1), a moTim 3HaXomsATh JOOYTOK
PiBHSIHB IUX IUTOMMH. [Ipy bOMY OTPHMY€EMO CHCTEMY i3 I'SITH MONIHOMIB, SIKi HE 3aJJ0BOJIBHSIOTE YMOBI 30€peXeHHS
BaroBOro OayaHCy:

5
D N(x,y)=1. (14)
i=1

Cyma 6a3ucHux (yHKIiT nopiBHIOE (puc. 5):

5
> N,(x,7) =1,17082-0,17082x> —0,17082)" . (15)

i=1

Hopmyemo dyHKii 3a monomoroto dyHknionamsHoro MEokHHKa (1,17082—0,17082x” —0,17082y%)™", i oTpuMyemo
npoboBo-partionansHuit 6asuc (5/IPB) Ha n'sTukyTHOMY eneMeHTi (puc. 6):

Puc. 5. Cyma 6a3ucnux ¢pynkuii (popmyJa 15) Puc. 6. Bisyanizaunia gyunxuii N, B SAPb
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©0,23+0,46833x+0,25527x> +0,04223x° —0,32361)” —0,4xy°
‘ 1,17082—0,17082x> —0,17082)°

; (16)

0,23+0,14x +0.45y—0,27x> +0,34xy—0,21y* = 0,1 1x* +0,25x)° 026xy

NZ
1,17082-0,17082x* —0,17082"

0,23-0,38x+0,28y +0,06x> —0,55xy — 0,12y +0,09x” —0,05xy> +0,28x y — 014y

N =
’ 1,17082—-0,17082x> —0,17082y°
~0,23-0,38x-0,28y +0, 06x* +0,55xy —0,12y* +0,09x” —0,05xy> —0,28xy +0, 14y
T 1,17082-0,17082x> —0,17082y"
N = 0,23+0,14x—0,45y—0,27x> —0,34xy —0,21y> —=0,11x* +0,25xy” +0, 26xy
5

1,17082-0,17082x* —0,17082"

3BepHEMO yBary Ha BajKJIMBI BIIaCTMBOCTI MONIHOMIB NV, (X, y) y BCiX TpboX NoOynoBaHUX 6a3ucax [3].
Bractusictb 1. Koxen nominom N, (x,y) IOOpiBHIOE oAMHMII B Todli (X;,);) 1 00epTaeThCa B HyIb y BCIX IHIIMX
By3JIaX.
BractuBictb 2. Anpokcumytodi GyHKIIl N, (x,y) J0KajbHI B MeXaX €JIEeMEHTA.
5

‘YMoBa 30epeskeHHs BaroBOro OaiaHcy ZN .(x,») =1 y Bcix 6a3ucax goTpumMaHa.
i=1
BucHoBku
3a momomororo anrebpaiyHol Ta reOMETPHYHOI IPOLEAYp BIIEpIIE OTPUMAHO TPH CHUCTEMH 0a3MCHUX (QYHKLIH Ha
JMCKPETHOMY elleMeHT] y opMi NMpaBHIIBHOTO M'SITUKYTHUKA Ta TOBEACHO, IO 3aja4a BigHOBIEeHHs (yHKUIi 3a ii 3Ha-
YEeHHSMH y BEpIIMHAX I'SITUKYTHOTO elleMeHTa Mae Oe3inid po3B’s3kiB. [lonanpia onTuMizaliis BlIacTHBOCTEH Oa3HCHHUX
¢yHKIIH Moke OyTH TocsarHyTa 3a popmysoro [6]:

N®=(1-a)N"™ +aN™, 0<a <1, (28)

Meroanku noOyJI0BH MOXKYTb OyTH 3aCTOCOBaHI J0 OyAb-sIKUX MOJITOHAIBHUX JUCKPETHUX EIEMEHTIB.
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