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MATHEMATICAL MODEL OF BLOCK PROCESS PLANNING IN SYSTEMS
OF ALLOCATION OF TASK BETWEEN PEOPLE
AND COLLABORATIVE ROBOTS IN THE FRAMEWORK OF INDUSTRIES 5.0

This article considers the current problem of task allocation between humans and collaborative robots in the
context of Industry 5.0 using block process planning. The main focus is on analyzing the interaction between operators
and automated systems operating in a shared production environment. The main goal is to ensure harmonious cooperation
between humans and robots by optimizing task allocation, taking into account a number of important factors, such
as time and resource constraints, the complexity of the operations performed, the level of autonomy of robotic systems,
and the priority of performing different stages of production. As part of the study, a mathematical model is proposed
that includes cost and benefit functions that allow assessing xIthe effectiveness of planning. The model also contains
numerous time and resource constraints that are critical to maintaining the productivity, safety, and flexibility of modern
production systems. To verify its operability, software in Python was developed that allows not only to automatically carry
out the planning process, but also to evaluate the overall effectiveness of the proposed task allocation strategies. The
conducted experimental studies have shown that the success of planning depends to a large extent on the balance of time
and resource parameters. The conducted experiments have shown that the success of planning depends on the balance
of time and resource parameters: at values and all constraints are met, and the cost function fluctuates within 30-80.
In contrast, in the case of insufficient resources, the system exhibits increased sensitivity, which makes the performance
of some tasks impossible or inefficient. The results obtained confirm that the developed model is resistant to parameter
changes and provides optimal task distribution in most production scenarios. Prospects for further research include
extending the model for dynamic environments, integrating machine learning algorithms for forecasting, and improving
the adaptive planning process.

Key words: block process planning, task allocation, collaborative robots, Industry 5.0, optimization, cost function,
resource constraints.
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MATEMATHYHA MOJEJIb BJIOYHOT O NPOLNECHOTI'O IIJTAHYBAHHSA
B CUCTEMAX AJIOKAIIIi 3ABJJAHb MIK JIFOJIbMU TA KAJTABOPATIBHUMH POGOTAMUT
B PAMKAX ITHJIYCTPIM 5.0

YV oOaniti cmammi posensinymo axmyanvHy npobnemy anoxayii 3a80aHb Midc aH00bMU MA KOIAOOPAMUBHUMU
pobomamu 6 ymosax Indycmpii 5.0 3 euxopucmanusam 0104020 npoyecrno2o nianysanius. OCHo8HA yeaza npuoiiacmscs
ananizy 63aemo0ii Mixe onepamopamu ma agmomMamu308aHUMU CUCTHEMAMU, WO NPAYIOIOMY ) CRITbHOMY 8UPOOHULOMY
cepedosuyi. OcrosHoio memoio € 3abe3neyentis 2apMoHitinoi cnisnpayi Misxe 1100bMu ma poobomamu WAAXOM ONIMUMI3ayii
PO3NOOLNY 3A60aHb 3 YPAXYBAHHAM HUSKU BANICTUBUX (PAKMOPIE, MAKUX AK 4AC08] Ma pecypcHi 0OMedcen s, CKAAOHICTb
BUKOHYBAHUX ONepayiil, pieeHb AGMOHOMHOCMI POOOMUZ0BAHUX CUCMEM, d MAKONC NPIOPUMEMHICIb GUKOHAHHS PIZHUX
emanis eupodHuymea. Y pamkax 00caiodicents 3anponoHo8aHo Mamemamuiny Mooein, sAKa 6KIo4ac Qynkyii eapmocmi
ma eu2ioHoCmi, Wo 003601AI0Mb OYIHUMU edheKmusHicmb nianyeanHs. Mooenb maxoxic Micmume YUCIeHHI 0OMeHCeH s
Ha Yac i pecypcu, wjo € KPUMUYHO 8AHCIUSUMU O5L NIOMPUMKU NPOOYKMUBHOCI, 6e3neKu ma SHYYKOCMi Cy4acHUx
supobnuyux cucmem. [ns nepesipxu ii npayezoamnocmi 6yno pospobaeno npospamiue 3abesnevenns na mosi Python,
sKe 00360JIA€ He e agmomMamuyno 30iicHIosamuy npoyec niaHy8ants, aie i oyinio8amu 3a2aivHy eQexmueHicms
3anponoHosanux cmpamezitl po3noodiny 3aedams. IIposedeni excnepumeHmanvbhi O0CHIONCEHHS NPOOEeMOHCIPY S,
Wo ycniwHicmv NIAAHYBAHHS 3HAYHOK MIPOI 3aNexcums 6i0 30ANAHCO8AHOCMI YACOBUX 1 PeCyPCHUX NaApamempis.
IIposedeni excnepumenmu NOKA3AMU, WO YCNIUHICMb NIAHYEAHHS 3A1eHCUMb GI0 30A1AHCOBAHOCTI HACOBUX | PECYPCHUX
napamempig: npu 3HAUEHHAX Tiux 2 5 i Rinax 2 7 8CI 00MeHCEHHA BUKOHYIOMBCA, A (YYHKYIA 8APMOCT KOTUBAEMBCSL 6 MENHCAX
30-80. Hamomicmy y pasi nedocmamuocmi pecypcie cucmema 8UAIA€ NiOUeHy Yymausicmy, ujo pooums 6UKOHAHHA
0esIKUX 3a80AHb HEMONCIUBUM ab0 HeehekmusHuM. Ompumani pe3yibmamu RiOmMEepoACYIomb, o Po3podIeHa MOOelb
€ CmIlKo 00 3MIH napamempis i 3a6e3neuye onmuMAatbHull po3nooil 3a60ans Y OLIbULOCMI BUPOOHUYUX CYEHAaPIis.
Ilepcnekmusu nodanbuiux O00CHIONCEHb KIIOUAIOMb PO3UWUPEHHS MOOeNl 011 OUHAMIYHUX cepedosuly, THmezpayir
aAneoOpUMMIE MAUUHHO20 HABYAHNS O]l NPO2HO3YEAHHS Md 600CKOHANEHHS NPOYeCy a0anmueHO20 NAAHY8ANHS.

Kntouoei cnoea: 6noune npoyecne nIaHy8aHus, ai0Kayis 3ae0amv, KoaabopamusHi pobomu, Indycmpis 5.0,
onmumizayis, yHKYis 6apmocmi, pecypcHi 0OMENCeHHS.

Statement of the problem

The modern development of industry, based on the concept of Industry 5.0, focuses on harmonious interaction between
people and robots, in particular collaborative ones. The main task of such systems is not only to automate production
processes, but also to ensure flexible distribution of tasks between human operators and robots to achieve maximum
efficiency, productivity and safety. However, this approach creates a number of problems related to synchronization
of actions, optimal use of resources and real-time task planning. Existing algorithms often do not take into account the
dynamics of the environment, the psychological and physical characteristics of people, as well as the limitations that
arise when robots work in close contact with personnel. In particular, the problem of block process planning, which
involves the distribution of tasks within certain blocks of the production cycle, is a difficult task from the point of view
of developing a universal mathematical model. Insufficient attention is paid to methods that simultaneously take into
account the priority of tasks, the need for adaptability to environmental changes and the need to ensure the continuity
of production processes. Such approaches are critically important for achieving the main goal of Industry 5.0 — creating
personalized, human-centered and sustainable production. Thus, the development of a mathematical model of block
process planning, which will allow integrating the human factor and the capabilities of collaborative robots, is relevant
and has significant scientific and practical interest.

Analysis of recent research and publications

Lima, RKD, Heckler, WF et al. proposed a systematic mapping and taxonomy for integrating collaborative learning
and advanced technologies in the context of Industry 5.0. The main advantage of their approach is that it provides a
general methodology that can be useful for building flexible learning systems for robots and humans [1]. However, from
the perspective of the task of developing a mathematical model of block process planning, the proposed solutions do
not take into account specific constraints on task execution time and resource optimization in real time. Their approach
focuses more on interaction and learning than on efficient planning and allocation. Zafar, MH, Langas in their research
have investigated the synergies between collaborative robots, digital twins and the complement of technologies for smart
manufacturing. The advantage of this approach is the deep integration of digital twins, which allows for the simulation
of scenarios and the testing of different planning strategies [2]. However, from the perspective of the block process
planning problem, their results do not provide a detailed methodology for determining the optimal parameters of tasks
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or resources. The main emphasis is on technological integration, which is not always effective for local optimization of
production processes. Rahman, MM, Khatun consider the evolutionary roles of collaborative robots within the framework
of Industry 5.0. The strength of their approach lies in the analysis of promising capabilities of new generation robots,
such as human sensitivity and adaptation to environmental changes [3]. However, a disadvantage is the lack of specific
mathematical models for planning and task allocation. Their work is useful for developing general concepts, but does not
offer effective algorithms for optimizing block planning. In the article Raffik, R., Sathya [4] consider improving human-
robot collaboration using collaborative robots. The advantage is the focus on human factors and building safe environments
for collaboration [5]. However, their review approach does not provide mathematical models or algorithms that can be
applied to task allocation systems. Thus, the use of their results is limited to scheduling optimization problems. Authors
Oladeinde, A.H., & Ojo, O.0. focus on production planning and control in the context of Industry 5.0. An important
advantage is their emphasis on optimizing production resource management and long-term planning [5]. However, their
approaches are poorly suited for dynamic block planning tasks, since the main focus is on strategic rather than operational
aspects. In the article Kumar, S.S., Kumar, S.R., & Ramesh, G. investigated the evolution from Industry 4.0 to 5.0
through the enrichment of production processes with technology and human-robot interaction. Their approach includes
key principles of technical improvement and automation integration, which is useful for the overall development of
concepts [6]. However, a drawback is the lack of attention to operational planning models, which does not allow using
their results to solve problems in block process planning systems.
Formulation of the research objective

The aim of the research is to develop a mathematical model of block process planning for optimal task allocation
between humans and collaborative robots in the dynamic production environment of Industry 5.0. The model should
take into account the features of human-robot interaction, task prioritization, adaptability to environmental changes,
and requirements for safety and efficiency. This will ensure the harmonious integration of the human factor and robotic
technologies into production processes, increase the productivity and flexibility of systems. The research is also aimed at
creating algorithmic support for implementing the model in a real production environment.

Development of a mathematical model of block process planning in task allocation systems
between people and collaborative robots

In modern conditions, industry is increasingly focused on cooperation between humans and collaborative robots,
which allows achieving high efficiency and adaptability of production [7]. An important aspect of this process is the
development of planning models that take into account the interaction of humans and robots, ensuring the optimal
distribution of tasks according to their capabilities and the current production situation. Block process planning becomes
necessary for structured and flexible management of workflows, where the precise definition of the scope, priorities
and sequence of tasks plays a key role. In this context, task allocation distributes tasks between humans and robots by
optimizing according to their functional characteristics and process requirements.

For block process planning in task allocation systems between humans and collaborative robots, it is necessary to
develop mathematical models with parameters that take into account the set of tasks, resources for their execution, and
constraints [8].

Let us denote within the framework of these studies the problem model (7) as a set of problems (#,), which can be
represented by the following expression:

T: {tl, tz,..., tﬂ}, (1)

where: ¢, is a task that has characteristics describing its requirements and constraints. These characteristics are necessary
for optimal allocation among resources.
Then the problem ¢, can be posed as a set of the following characteristics:

tn = <d11! CVI? pn’ er>’ (2)

where: d, — time required to complete the task #,. Used to calculate the total time required to complete all tasks; ¢, —
a measure of the complexity of the task #,. Complex tasks are typically assigned to human resources who can perform
intellectual or creative tasks, while robots perform mechanical tasks; p, — task priority #,, which determines the order
in which tasks are performed. This is important for tasks that require urgent execution; r, — the resources required to
complete the task #,, which determines the use of collaborative robots and humans.

To model the assignment of the task, a variable is introduced x;, where x; = 1 means that the task ¢, assigned to the
resource j (a job or a person), otherwise x; = 0.

To optimize time or financial resources, it is proposed use the general cost function:

n_m

Z=>c,d, x,. 3)

i=1 j=I

Where c¢; — the cost of execution, which depends on the type of task (z,) and the resource (7).
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The model should also take into account the total time to complete all tasks:

T;oraI = Z dn ’ xij . (4)

This allows you to minimize execution time while maintaining overall efficiency.
Robots (R) and people (H) are represented by sets of resources:

R=Ar,ry,...r.}; Q)
H={h, hy, ..., h}. (6)

Each resource has accessibility settings a; and cost of use ¢;
The allocation problem is optimized using the cost function Z, which is minimized by a chosen criterion, for example,
time or cost:

Z= Zn:cl.xl.j. (7)
i=1

Where: x; = 1, if the task #; assigned to the resource ;, otherwise x; = 0.

We introduce time and resource constraints to ensure efficient and rational allocation of tasks between humans
and robots. Time constraints ensure that all tasks are completed within the allowable time frame, preventing delays
and schedule violations. Resource constraints ensure optimal use of available resources, preventing them from being
overloaded or idle. This allows for a balance between productivity and efficiency in the operation of hybrid systems that
combine human and robotic potential. Time constraints can be represented as follows:

Zd,. X, <T, Y (®)
Dox, =1, Vi ©)
Jj=1

Where: T,.x — the maximum available time for each resource to ensure even time distribution.
In order to increase efficiency It is proposed to use a benefit function that assesses the feasibility of performing a
certain task by a certain resource, as can be represented as follows:

B(x;) = o - efficiency + P - flexibility + vy - safety (10)

Where: a, B3, y — weighting factors.

The proposed mathematical expressions 1-10 make it possible, in the opinion of the authors, to develop an allocation
system that takes into account productivity, safety, and adaptability thanks to a block approach to task management of a
robotic manipulator in Industry 5.0.

Development of a program to calculate the total cost function
for the proposed distribution of tasks among resources

The Python language was chosen for the development of the block process planning program due to its high
accessibility, simplicity of syntax, and wide range of libraries supporting mathematical calculations and optimization
[9]. Python offers tools such as NumPy, SciPy, and Pandas, which provide efficient work with data, as well as integration
with specialized task distribution algorithms. The flexibility of the language allows for rapid prototype development and
integration of models with machine learning or analytics systems. In addition, Python is cross-platform, which ensures its
use in various production environments and automation systems.

Based on the developed mathematical models (1-10) of block process planning in task allocation systems between
humans and robots, a program has been created to check the correctness of the planning. The program receives input data
from the user, including parameters of tasks, resources and constraints, calculates cost and benefit functions and outputs
the results.

We present a description of the software implementations of the developed mathematical models in the form of
program code functions.

def calculate_cost ( tasks, resources, assignments) :
cost = O

for i , task in enumerate(tasks):

for j, assigned in enumerate(assignments [ i ]):

if assigned == 1: # Task intended resource

cost += task [ ‘complexity’] * task [“time’]

return cost
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calculate_cost function is designed to calculate the overall cost function of allocating
tasks to resources. It goes through each task and checks whether it is assigned to a
specific resource, and if so, adds the product of the task’s complexity and time to the
total cost. This allows you to evaluate the efficiency of the scheduling in terms of
resource utilization.
def validate_constraints (tasks, resources, assignments, t_max):
for i, task in enumerate (tasks):
total_time = sum (assignments [i][j] * task [“time’] for j in range (len (resources)))
if total_time > t_max:
return False , “Task timed out.”
for j, resource in enumerate (resources):
total_resources = sum (assignments [i][j] * tasks [i][‘resources’] for i in range
(len (tasks)))
if total_resources > resource [ ‘max_resource’]:
return False , “Available resource exceeded.”
return True , «All constraints are met.»
validate_constraints function checks that the time and resource constraints for task
allocation are met. It calculates the total execution time for each task and the resource
utilization for each resource, comparing them to the specified limits. If any constraint
is violated, the function returns an appropriate error message; otherwise, it confirms
that the schedule is correct.
valid, message = validate_constraints (tasks, resources, assignments, t_max)
print (message)
# Calculation of the cost function
if valid:
cost = calculate_cost (tasks, resources, assignments)
print (f" Total cost function: {cost}")
else :
print («The correctness of the planning has not been confirmed.»)

This code checks the correctness of the task scheduling using the validate constraints function , printing a message
about the result of the check. If the constraints are met, the total cost function is calculated using calculate cost, and the
result is printed to the screen. If the constraints are violated, the scheduling is considered incorrect, and the user receives
an appropriate message.

Let’s conduct a series of experiments to show at what values of time and resource constraints for task allocation the
following result will be obtained: all constraints are met and constraints are not met. The results of successful planning (all
constraints are met) are given in Table 1, and for unsuccessful planning (constraints are not met) in Table 2.

Table 1
Results of successful planning (all constraints met)
Max Time Constraint ( T_max ) Max Resources Constraint (R_max ) Valid Cost
4 9 True 34
5 8 True 38
6 7 True 44
6 8 True 40
6 9 True 62
7 6 True 50
7 7 True 56
7 8 True 32
Table 2
Results of failed planning (constraint not met)
Max Time Constraint ( T_max ) Max Resources Constraint (R_max ) Valid Cost
4 7 False None
5 6 False None

For convenience of analysis Let us present the obtained experimental data from Tables 1 and 2 in the form of a
combined graph, which is presented in Figure 1.
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Constraint Validation Results
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Fig. 1. Combined graph of the obtained experimental results

Figure 1 shows successful planning (total cost function in the range 30-80) and unsuccessful cases where the constraint
is not met. Blue represents the cost range and red indicates non-compliance with the constraints.

The results of the experiments showed that the success of task planning depends on the correct combination of time
and resource constraints. The first table shows cases when all constraints are met, and the total cost function is within
30-80. At values of Ty.x = 5 and R, > 7, the system is able to ensure correct task distribution, which indicates the need for
higher resource constraints for complex tasks. In contrast, the second table records violation of constraints at lower values
of Ty £ 4 and R, < 6, which led to the impossibility of correct planning. Data analysis shows that the main factor is the
balance between available time and resources, since their insufficiency leads to the impossibility of performing complex
tasks. Thus, to achieve optimal planning, it is important to take into account the specifics of tasks and to ensure sufficient
reserves of time and resources in allocation systems.

Conclusions

The results of experimental studies have shown the importance of the optimal combination of time and resource
constraints for the correct distribution of tasks between humans and robots. Analysis of successful scenarios from the
first table shows that for values Ty, = 5 and R,,,, > 7 all constraints are met, and the cost function is within 30—80. This
confirms the need for balanced resources to perform complex tasks. In contrast, the second table records constraint
violations with insufficient time (7},.x < 4) and resource (R,,x < 6) parameters, which makes task performance impossible.
The graphical representation of the results emphasizes the key role of time and resources: red marks on the graph illustrate
scenarios where constraints are not met, while blue dots reflect successful planning.

Comparative analysis indicates that the allocation system is robust to fluctuations in the cost function within a certain
range, but sensitive to a decrease in available resources. Numerical analysis based on experimental data indicates a direct
relationship between available resources and the system’s ability to perform tasks. Based on the results obtained, the
research prospects are to expand the model to work in variable environments, integrate machine learning algorithms to
predict task parameters, and increase the system’s flexibility to unpredictable loads. This will not only improve allocation
processes, but also increase the efficiency and reliability of production systems in the context of Industry 5.0.
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